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Abstract. In the framework of the theory of open systems based on completely
positive quantum dynamical semigroups, we describe the evolution of the Uhlmann
quantum fidelity of a pair of two-mode Gaussian states, for a system consisting of two
non-interacting bosonic modes embedded in two independent thermal environments.
We take entangled squeezed thermal states as initial states of the considered system and
describe the dependence of fidelity, which is fully determined by the covariance matrix,
on time and temperatures of thermal reservoirs. We also present the explicit expression
of the fidelity at infinity of time as a function of temperatures of the two reservoirs,
squeezing parameter and average numbers of thermal photons, and show that quantum
fidelity takes always only non-zero values.
Key words: Gaussian states, open systems, Uhlmann fidelity, squeezed thermal
states.

1. INTRODUCTION

The concept of entanglement has played a crucial role in the development of
quantum physics, in particular in quantum information processing tasks and quantum
technologies. In the recent years an increasing interest has been shown in studying
the Gaussian states, since they have a major role in quantum information with continuous variables [1], due to the fact that they can be created relatively easily and can
be used in quantum cryptography and quantum teleportation [2–4].
One of the most important issues in quantum information is the closeness between input and output states used in various quantum protocols. Quantum fidelity
is a common measure of distance between density operators. It is not a metric, however it has some useful properties and it can be used to define the Bures metric on the
space of density matrices [1, 5–11].
In the framework of the theory of open systems based on completely positive
quantum dynamical semigroups it was described the time evolution of the Simon
separability function [12–14] and of the quantum entropic discord and classical cor(c) 2016 RRP 68(No. 1) 19–28 - v.1.1a*2016.3.2
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relations [15] for a system consisting of two bosonic modes immersed in two independent thermal reservoirs.
In this paper we describe the evolution of the Uhlmann fidelity for the same system composed of two bosonic modes coupled to two different thermal environments.
We take entangled squeezed thermal states as initial states of the considered system
and describe the dependence of fidelity, which is fully determined by the covariance
matrix, on temperatures, squeezing parameter, dissipation constant and average numbers of thermal photons. We also give the explicit expression of the fidelity at infinity
of time, as a function of temperatures of the two reservoirs, squeezing parameter and
average numbers of thermal photons, and show that quantum fidelity takes always
only non-zero values.
The paper is structured as follows. In Sec. 2 we write the master equation for
an open system interacting with a general environment and the evolution equation
for the covariance matrix. In Sec. 3 we present an exact analytic formula for the
Uhlmann fidelity of a pair of two-mode Gaussian states, introduced in Ref. [5]. In
Sec. 4, by using the fidelity formula for the considered open system, we discuss the
obtained results and provide an analytic formula for some particular cases. Short
conclusions are given in the last Section.
2. MASTER EQUATION FOR OPEN QUANTUM SYSTEMS

We study the dynamics of a composed system consisting of two identical noninteracting bosonic modes (harmonic oscillators), each one being in weak interaction
with its local thermal environment. In the axiomatic theory of open systems based
on completely positive quantum dynamical semigroups, the irreversible time evolution of an open system is described by the following Kossakowski-Lindblad quantum
Markovian master equation for the density operator ρ(t) in the Schrödinger representation [16–18]:
dρ(t)
i
1 X
= − [H, ρ(t)] +
([Vj ρ(t), Vj† ] + [Vj , ρ(t)Vj† ]).
(1)
dt
~
2~
j

Here † means Hermitian conjugation, H denotes the Hamiltonian of the open system
and the operators Vj , Vj† , defined on the Hilbert space of H, represent the interaction
of the open system with the environment.
We are interested in the set of Gaussian states, therefore we introduce quantum
dynamical semigroups that preserve this set during time evolution of the system. So
H is taken as a polynomial of second degree in the coordinates x, y and momenta
px , py of the two bosonic modes, and Vj , Vj† are taken as polynomials of the first
degree in these canonical observables. This evolution represents a Gaussian channel
that maps Gaussian states to Gaussian states.
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By definition, the covariance matrix (CM) σ is a real, symmetric and positive 4 × 4 matrix. Note that the first moments can always be shifted to zero by a
sequence of local unitary operations. Since they are irrelevant for the study of entanglement, we may take them to be zero and work only with Gaussian states (GS)
of zero displacement vectors, without losing the generality. Such GS are completely
characterized by their CM

σxx (t) σxpx (t) σxy (t) σxpy (t)
 σxpx (t) σpx px (t) σypx (t) σpx py (t) 

σ(t) = 
 σxy (t) σypx (t) σyy (t) σypy (t)  ,
σxpy (t) σpx py (t) σypy (t) σpy py (t)


(2)

where the matrix elements are defined as:
1
σij = Tr[(ξi ξj + ξj ξi )ρ] − Tr(ξi ρ) Tr(ξj ρ),
(3)
2
where ξ = (x, px , y, py ). The matrix σ is a bona fide CM iff it satisfies the uncertainty
relation [19, 20]
i
(4)
det (σ + Ω) ≥ 0,
2
where


2
M
0 1
Ω=
.
J with J =
−1 0
i=1

CM has the following block structure:

σ(t) =

A C
CT B


,

(5)

where A, B and C are 2 × 2 Hermitian matrices (T denotes the transposed matrix).
A and B denote the symmetric covariance matrices for the individual reduced onemode states, while the matrix C contains the cross-correlations between modes.
The evolution of the initial covariance matrix σ(0) of the system, under the
action of a general Gaussian channel, can be characterized by two matrices X(t) and
Y (t) [21]:
σ(t) = X(t)σ(0)X T (t) + Y (t),

(6)

where Y (t) is a positive operator. These two matrices are environmental functions.
Eq. (6) guarantees that σ(t) is a physical covariance matrix for all finite times t.
In the case of one bosonic mode (harmonic oscillator) with the general Hamiltonian
1 2 mω 2 2 µ
H=
p +
x + (xpx + px x),
(7)
2m x
2
2
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where the parameter µ determines the damping ratio, from Eq. (1) we obtain for the
elements of the covariance matrix


σxx (t) σxpx (t)
,
(8)
s(t) =
σxpx (t) σpx px (t)
which represent quantum correlations of the canonical observables of a single-mode
system, the following system of equations [18, 22]:
ds(t)
= Z1 s(t) + s(t)Z1T + 2D1 ,
dt
where (we take from now on, for simplicity, m = ω = ~ = 1)



−(λ1 − µ)
1
Dxx
Z1 =
, D1 =
−1
−(λ1 + µ)
Dxpx

(9)

Dxpx
Dpx px


.

(10)

Diffusion coefficients Dxx , Dpx px , Dxpx and the dissipation constant λ1 satisfy the
fundamental constraint
λ21
2
Dxx Dpx px − Dxp
≥
.
(11)
x
4
The solution of Eq. (9) is given by
s(t) = X1 (t)[s(0) − s(∞)]X1T (t) + s(∞),

(12)

where the matrix X1 (t) = exp(Z1 t) has to fulfil the condition limt→∞ X1 (t) = 0. In
order for this limit to exist, Z1 must only have eigenvalues with negative real parts.
In the underdamped case ω > µ, Ω ≡ ω 2 − µ2 , Eq. (12) takes the form
s(t) = X1 (t)s(0)X1T (t) + Y1 (t),
where
−λ1 t

X1 (t) = e



µ
1
sin Ωt
cos Ωt + Ω
Ω sin Ωt
µ
− Ω1 sin Ωt
cos Ωt − Ω
sin Ωt

(13)

(14)

and
Y1 (t) = −X1 (t)s(∞)X1T (t) + s(∞).
(15)
By taking as asymptotic state the Gibbs state, which corresponds to a harmonic oscillator in thermal equilibrium at temperature T1 , the values at infinity of the covariance
matrix are obtained from the equation
Z1 s(∞) + s(∞)Z1T = −2D1 ,
where the matrix of diffusion coefficients becomes


1
0
1 (λ1 − µ) coth 2kT
1
D1 =
.
1
0
(λ1 + µ) coth 2kT
2
1
The restriction (11) is satisfied only if λ1 > µ and
1
(λ21 − µ2 ) coth2
≥ λ21 .
2kT1
(c) 2016 RRP 68(No. 1) 19–28 - v.1.1a*2016.3.2
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By using Eqs. (10), (16) and (17), s(∞) takes the following form:


1
1
1 0
s(∞) = coth
.
2
2kT1 0 1

23

(19)

Consider a system of two identical bosonic modes, each one coupled to its
own thermal bath. If the initial two-mode 4 × 4 covariance matrix is σ(0), then its
subsequent evolution is given by
σ(t) = (X1 (t) ⊕ X2 (t))σ(0)(X1 (t) ⊕ X2 (t))T + (Y1 (t) ⊕ Y2 (t)),

(20)

where X1,2 (t) and Y1,2 (t) are given by Eqs. (14), (15) and similar ones, corresponding to each bosonic mode immersed in its own thermal reservoir, characterized by
temperatures T1 and T2 and dissipation constants λ1 and λ2 , respectively.
As initial state of the considered system we take an entangled two-mode nonsymmetric squeezed thermal state, with the covariance matrix of the form:


a 0 c 0
 0 a 0 −c 

σST S (0) = 
(21)
 c 0 b 0 ,
0 −c 0 b
with the matrix elements given by
1
a = n1 cosh2 r + n2 sinh2 r + cosh 2r,
2
1
b = n1 sinh2 r + n2 cosh2 r + cosh 2r,
(22)
2
1
c = (n1 + n2 + 1) sinh 2r.
2
Here n1 , n2 are the average number of thermal photons associated with the two
modes and r is the squeezing parameter. A two-mode squeezed thermal state is
2 +1)
entangled when r satisfies the inequality r > rs , with cosh2 rs = (n1n+1)(n
[7].
1 +n2 +1
3. UHLMANN FIDELITY FOR TWO MODE GAUSSIAN STATES

The fidelity is one of the most important figure of merit in quantum information and quantifies the similarity between quantum states, in order to distinguish
efficiency and characterization schemes of interest for quantum technology. Fidelity
between the two states ρ1 and ρ2 is defined as follows:
√
√
F (ρ1 , ρ2 ) = {Tr[( ρ1 ρ2 ρ1 )1/2 ]}2 .
(23)
Some of the notable properties of the quantum fidelity are the following [5–7]:
1. 1 ≥ F (ρ1 , ρ2 ) ≥ 0 and F (ρ1 , ρ2 ) = 1 if and only if ρ1 = ρ2 ;
(c) 2016 RRP 68(No. 1) 19–28 - v.1.1a*2016.3.2
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F (ρ1 , ρ2 ) = F (ρ2 , ρ1 ) (symmetry);
F (ρ1 , ρ2 ) ≥ Tr(ρ1 ρ2 ), the equality occurs when one of the states is pure;
F (U ρ1 U † , U ρ2 U † ) = F (ρ1 , ρ2 ), for a unitary transformation on the state space;
F (ρ1 ⊗ ρ01 , ρ2 ⊗ ρ02 ) = F (ρ1 , ρ2 )F (ρ01 , ρ02 ).
The problem of finding an analytical formula for the fidelity between n-mode
Gaussian states has recently been solved by Marians [6]:
2.
3.
4.
5.

−1

T

F (ρ1 , ρ2 ) = exp[−1/2(δhξi) ((ρ1 +ρ2 ))


−1
q√
√
√
√
2
δhξi]× ( Γ+ Λ)− ( Γ + Λ) − ∆
.
(24)

Here we introduced the following notations:
∆ := det((ρ1 + ρ2 )) ≥ 1,
Γ := 2

2n




1
det (Ωρ1 )(Ωρ2 ) − I ≥ ∆,
4

(25)

i
i
Λ := 22n det(ρ1 + Ω) det(ρ2 + Ω) ≥ 0.
2
2
The average n-mode displacement is given by δhξi := hξiρ1 − hξiρ2 , and by assuming that the first moments of the operators vanish, then the exponential expression
becomes 1.
4. RESULTS

In the following, we analyze the dependence of the Uhlmann fidelity on time,
temperatures, squeezing parameter, dissipation constant and average number of thermal photons for the system composed of two bosonic modes in two cases: a) the two
bosonic modes are coupled to two independent thermal environments; b) the system is coupled to a common thermal reservoir. We take entangled squeezed thermal
states as initial states of the considered system and for simplicity we take also µ = 0,
λ1 = λ2 = λ. In the particular case when T1 = T2 , σ(t) has identical expressions in
both cases a) and b).
The evolution of Uhlmann fidelity for an entangled initial squeezed thermal
state is illustrated in Figs. 1 and 2, where we represent the dependence of F on
time t and temperature T2 . These graphs show that fidelity is oscillating in time and
its local maximum values decrease with both time and temperatures. One can also
notice that fidelity is decreasing faster with increasing the dissipation constant λ.
By using Eq. (19), we can find explicit formulas for quantum fidelity in the
limit of asymptotically large times, for some particular values of the parameters of
(c) 2016 RRP 68(No. 1) 19–28 - v.1.1a*2016.3.2
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Fig. 1 – Fidelity versus time t and environment temperature T2 (through coth(1/2kT2 )) for an
entangled initial squeezed thermal state with squeezing parameter r = 1 and n1 = 2, n2 = 2,
λ = 0.01 and coth(1/2kT1 ) = 1 (T1 = 0).

Fig. 2 – Same as in Fig. 1, for r = 1, n1 = 1, n2 = 2, λ = 0.1 and coth(1/2kT1 ) = 1.2.
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1
the considered model. When n1 = n2 ≡ n, we obtain (we denote Ci ≡ coth 2kT
,
i
i = 1, 2):

" q
F (r, n, T1 , T2 , t → ∞) = 4/ 4 (n + n2 )2 (C12 − 1)(C22 − 1) + 1 + (1 + 2n)2 C1 C2
 
2
+(1+2n)(C1 +C2 ) cosh 2r − − (1+2n)2 +C1 C2 +(1+2n)(C1 +C2 ) cosh 2r
q
+16
(n + n2 )2 (C12 − 1)(C22 − 1)
2 1/2 #
1
+ (1 + (1 + 2n)2 C1 C2 + (1 + 2n)(C1 + C2 ) cosh 2r)
.
4

(26)

In the particular case when T1 = T2 ≡ T (C1 = C2 ≡ C), we obtain:
"

1
F (r, n, T, t → ∞) = (n + n2 )(C 2 − 1) + (1 + (C + 2nC)2 + 2C(1 + 2n) cosh 2r)
4


2
1
2
2
− −
(1 + 2n) + C + 2C(1 + 2n) cosh 2r
16

(27)

2 1/2 #−1

p
1
+ (n + n2 )(C 2 − 1) +
1 + (C + 2nC)2 + 2C(1 + 2n) cosh 2r
.
4
For an initial squeezed vacuum state (n = 0) the quantum fidelity for asymptotic large times takes the following simple form:
F (r, T1 , T2 , t → ∞) =

4
.
1 + C1 C2 + (C1 + C2 ) cosh 2r

(28)

We notice that quantum fidelity has always non-zero values. From Eq. (28) we see
that for zero temperatures of the thermal reservoirs (C1 = C2 = 1) and zero squeezing
parameter r = 0, fidelity reaches its maximum initial value 1.
In Figs. 3 and 4 we illustrate the dependence of the quantum fidelity for large
times on the temperature T2 of the second reservoir, for zero temperature T1 = 0
of the first reservoir, and on average photon number n2 and squeezing parameter r,
respectively. We observe that asymptotic quantum fidelity is decreasing in general
by increasing T2 , n2 and r.
(c) 2016 RRP 68(No. 1) 19–28 - v.1.1a*2016.3.2
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Fig. 3 – Asymptotic quantum fidelity versus environment temperature T2 and average photon number
n2 for an initial squeezed thermal state with n1 = 0, squeezing parameter r = 1 and
coth(1/2kT1 ) = 1.

Fig. 4 – Asymptotic quantum versus environment temperature T2 and squeezing parameter r for an
initial squeezed thermal state with n1 = 1, n2 = 2 and coth(1/2kT1 ) = 1.
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5. CONCLUSIONS

We described the evolution of the quantum fidelity of a pair of two-mode Gaussian states, in the framework of the theory of open systems based on completely
positive quantum dynamical semigroups, for squeezed thermal states as initial states
of the considered system. We have shown the dependence of the fidelity, which is
fully determined by the covariance matrix, on time and temperatures of the thermal
reservoirs. We obtained the explicit expression of the fidelity in the limit of asymptotically large times and analyzed its dependence on temperatures of the two thermal
reservoirs, squeezing parameter and average numbers of thermal photons. Fidelity
has non-zero values for all initial considered Gaussian states and all values of the
parameters characterizing the external environments.
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