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Abstract. I describe two minimal Bose-Hubbard models which exhibit classical
chaos and demonstrate its relation to phase space ergodization and thermalization. The
first model is a realization of a kicked top via driving of the mode-coupling term in a
Bose-Hubbard dimer. Coherent preparations in the chaotic phase-space regions of this
model constitute far-from-equilibrium wavepackets with Floquet participation numbers
which scale linearly with the size of the Hilbert space. Consequently, such preparations
exhibit ergodization and effectively loose their one-particle coherence irreversibly, as
compared to the collapse and revival dynamics obtained for coherent preparations in
the integrable dimer limit. The second model is a Bose-Hubbard trimer which is the
minimal system for obtaining chaos without driving. Considering two weakly coupled
trimers, thermalization between them is attained via the linear diffusive response of
each subsystem to the effective drive exerted on it by the other. This energy diffusion
is captured well by a Fokker Planck equation, which implies thermodynamical Einstein
relations.

1. INTRODUCTION

Closed quantum systems are described by reversible microscopic dynamics.
By contrast, the second law of thermodynamics implies macroscopic irreversibility.
This is the source of the Loschmidt paradox, which remains largely unresolved even
over a century since it was first put forward. It is still not entirely clear how isolated
quantum systems thermalize, i.e., reach stationary states with observable expectation
values approaching thermodynamic ensemble averages.
For classical systems the connection between thermalization and chaotic ergodicity is well-established [1]. However, strict dynamical chaos is absent in isolated quantum systems, which are linear and quasi-periodic by construction. It is
therefore essential to establish whether the quantum signatures of classical chaos are
sufficent to ensure ergodization and thermalization. Moreover, it is highly desirable
to investigate the detailed mechanism in which thermalization is attained in isolated
many-body quantum systems.
A seminal step in this direction is the formulation of the Eigenstate Thermalization Hypothesis (ETH) [2, 3]. The ETH sets general requirements on the structure of
thermalizing observables, which should be “classically broad” (i.e., smoothly varying along their diagonal) but “quantum-mechanically narrow” (i.e., with off-diagonal
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matrix elements which are exponentially small in the size of the system). The expectation values of such observables, calculated for any individual energy eigenstate,
coincide with microcanonical averages taken over the same energy surface. The ETH
is a manifestation of Berry’s conjecture [4] which states that the high-energy eigenstates of isolated classically-chaotic systems will correspond to wavepackets with a
Gaussian amplitude distribution and a random phase distribution.
The ETH and the path to quantum thermalization were numerically demonstrated recently is several many-body models [5, 6], including ergodization in a system of hard-core bosons with additional nearest-neighbor repulsion in a 2D lattice
[7], thermalization in the 1D mean-field Bose-Hubbard model [8], relaxation after
a quench in the Falicov-Kimball model [9], and various spin chain models [10–
13]. The biggest challenge in such studies is the difficulty of solving the many-body
Scrödinger equation, even when the system is quite small and isolated.
Due to their extremely long coherence times, Bose-Einstein condensates (BECs)
offer nearly ideal environments to simulate quantum thermalization. Several recent
experiments make use of advances in their preparation and control to study the relaxation of 1D Bose gases prepared far from equilibrium [14–16]. The dimensionality of
confinement in these experiments serves as an effective chaoticity parameter. Thus,
due to the near-integrability of the 1D system, the relaxation process is particularly
slow and rich, exhibiting an intermediate pre-thermalization stage [16]. Despite this
experimental progress, a full theoretical description which will show in detail how
thermalization is attained, is still beyond reach. It may therefore be insightful to
propose and investigate even simpler BEC models for thermalization, which on the
one hand possess a mixed phase-space structure with controlled chaoticity and on
the other are fully tractable. To this end, ideal candidates are Bose-Hubbard systems
with controllable interaction parameters [17] to provide classical nonlinearity and
with only the minimal number of sites to ensure classically chaotic dynamics.
In this manuscript I review two recent works on such minimal models. The first
is a bosonic Josephson junction (i.e., a Bose-Hubbard dimer) [18, 19]. The dimer is
essentially a one-freedom system and as such necessarily integrable, but could be
made chaotic by the introduction of external driving. We thus study a driven dimer
model [20], starting with far-from-equilibrium coherent preparations, and measure
their ergodization via the loss of single particle coherence. We find a transition from
retained coherence or collapse and revival dynamics when the initial preparation lies
in integrable phase-space regions, to an effectively irreversible ergodization leading
to the loss of coherence for preparations within chaotic regions. Furthermore, we
observe quantum “scars” within the chaotic sea with unique eigenstate statistics in
the vicinity of hyperbolic points embedded in it.
We then consider the minimal system which exhibits chaos in the absence of
driving, a Bose-Hubbard trimer [21–28] and use it as a building block to study ther(c) 2015 RRP 67(No. 1) 67–87 - v.1.1a*2015.2.11
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malization between the constituents of a bi-partite isolated quantum system. We
construct a Hamiltonian system consisting of two weakly coupled trimers with no
external driving, and view each subsystem as driving the other [29]. The pathway
to thermalization thus lies in the response of each trimer to this effective drive. We
find that when the trimers are chaotic their response is linear, with diffusive energy
spreading over the microcanonical energy surface of the combined system. This
behavior is described to good accuracy by a Fokker Planck equation, resulting in
canonical subsystem temperatures and Einstein relations.
2. ERGODIZATION OF A DRIVEN BOSE-HUBBARD DIMER
2.1. THE KICKED DIMER MODEL

Consider a two-mode Bose-Hubbard Hamiltonian (BHH) where the hopping
term between sites is periodically modulated as a sequence of kicks. This construction is formally identical to that of a kicked top [30, 31]:
"

∞
X



t
H = U Jˆz2 −
δ
−n
T
n=−∞

#

K Jˆx ,

(1)

where the angular momentum operators
â† â2 +â†2 â1
Jˆx = 1
,
2
â†1 â2 −â†2 â1
(2)
ˆ
Jy =
,
2i
n̂1 −n̂2
Jˆz =
,
2
are defined in terms of boson annihilation and creation operators for a particle in
mode i = 1, 2. Number conservation n̂1 + n̂2 = N , with n̂i ≡ â†i â, implies angular
momentum conservation with j = N/2. Instead of driving the hopping frequency,
the same dynamics can be attained by modulation of the interaction strength U via a
Feshbach resonance, while keeping K fixed. In both cases, the time evolution of the
system is given by the repeated application of the Floquet operator,
F̂ (K, U, T ) = exp(iT K Jˆx ) exp(−iT U Jˆz2 ),
so that the propagator for an integer number of kicks is
h
it/T
Û (t; K, U, T ) = F̂ (K, U, T )
.

(3)

(4)

The integrable T → 0 limit of the model is obtained by fixing t, and taking
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Fig. 1 – (Color online.) Phase-space structure of the undriven integrable dimer model (6) in the
Josephson regime (u = 2.5). Lines depict equal energy contours, i.e., classical trajectories. A
separatrix trajectory with an isolated hyperbolic point at (θ, φ) = (π/2, π) separates Rabi-Josephson
oscillations around the ground state in a K-dominated “sea” from nonlinear self-trapped
phase-oscillations in two high-energy “islands”. Symbols denote the location of several coherent
preparations used in Fig. 2.

nsteps = t/T → ∞, resulting in
Û (t; K, U, T → 0) = e−itH0 ,
with the time-independent dimer Hamiltonian:
H0 = U Jˆz2 − K Jˆx .

(5)
(6)

The integrable Hamiltonian H0 has a characteristic interaction parameter [18, 19]:
NU
.
(7)
K
The classical phase-space of the dimer model is obtained by restricting the dynamics
to the spin coherent states, i.e.,
u=

|θ, ϕi ≡ exp(−iϕJˆz ) exp(−iθJˆy )|j, ji,
(8)
so that the SU(2) generators (2) may be replaced by the c-numbers Jx = j sin θ cos ϕ,
Jy = j sin θ sin ϕ, and Jz = j cos θ, with O(1/N ) accuracy. These states correspond
to all particles occupying a single superposition of the two modes, with a population imbalance N cos(θ), and a relative phase ϕ. The phase-space structure is
set by the value of u, as described in detail in Refs. [19, 32–34]. In the Josephson regime (1 < u < N 2 ) the phase space contains two “islands” that are separated
from a “sea” region by a separatrix (see Fig. 1). The sea trajectories correspond to
Rabi-Josephson population oscillations, whereas the island trajectories correspond
to self-trapped phase-oscillations [35]. The nearly coherent ground state lies well
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within the linear sea region. In the Rabi regime (u < 1) the islands disappear, so that
only Rabi-type linear oscillations are allowed. A third interaction domain, the Fock
regime, is identified upon quantization in the opposite, extreme strong interaction
limit (u > N 2 ). In this regime the sea is too small to support even a single quantum
states and the ground state itself becomes a Fock state. This is the minimal version
of the superfluid to Mott-isulator transition.
For finite T , chaoticity/integrability is quantified by an additional dimensionless parameter, corresponding to the dimensionless kicking-strength parameter in the
Chirikov standard map [36],
KChirikov = T 2 N U K = (ωJ T )2 .

(9)

This parameter is essentially
p the ratio between the natural Josephson frequency
of the undriven system ωJ ≡ K(K + U N ) and the driving frequency 1/T . If the
former is much slower than the latter, the driving is adiabatic and hence the integrable
limit is reached. Conversely, as K is increased, the phase-space dynamics follows
the familiar route to chaos: resonances become wider and eventually overlap creating
a connected chaotic sea.
2.2. COLLAPSE AND REVIVAL IN THE INTEGRABLE LIMIT

We study the dynamics of the kicked dimer model, starting with the spin coherent states of Eq. (8). Such states correspond to a minimal Gaussian phase-space
distribution, localized around the point (θ, ϕ). Experimentally, they can be prepared
via a two step process from the coherent ground state when u  1, in which θ is set
by a coupling pulse and ϕ by a bias pulse [37].
Each coherent spin preparation is a wavepacket of the dimer eigenstates |νi for
the specified interaction parameter u,
X
|θ, ϕi =
|νihν|θ, ϕi.
(10)
ν

Similarly, in the presence of kicking, the same expression is taken to represent an
expansion in the eigenstates |νi of the Floquet propagator F̂ . The effective number
of eigenstates that contribute to the wavepacket dynamics of (10) is evaluated by the
participation number
#−1

"
M=

X

p2ν

ν

where pν = |hν|θ, ϕi|2 .
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Standard experimental techniques can be used to monitor the dynamics of the
reduced one-particle density matrix, represented by the Bloch vector:
2
(hJx i, hJy i, hJz i) .
(12)
N
For example, the Sz = cos(θ) component of the Bloch vector is the normalized
population imbalance, while its azimuthal angle ϕ = arctan(Sy /Sx ) corresponds to
the relative phase. The expected fringe visibility if atom interferometry is carried out
without further manipulation is
S≡

(1)

g12 = |Sx |2 + |Sy |2

1/2

,

(13)

whereas the length S = |S| corresponds to the single-particle coherence: it is the best
fringe visibility that one may expect if one is allowed to perform any SU(2) rotation
before the interferometric measurement itself.
The spin coherent preparations of (8) all have initial one-particle coherence
value of S = 1. To the extent that an initial spin coherent state evolves only to
other coherent states (remaining localized), the dynamics can be described by the
classical mean-field equations, where the spin operators are replaced by c-numbers
and S(t) = 1 at all times. Dynamical spreading of the phase-space distribution is
manifest in the loss of one-particle coherence. As shown below, such loss can be
reversible, leading to a series of collapses and revivals as the wavepacket deforms
and reforms, or effectively irreversible if it spreads uniformly throughout the phasespace, with exponentially long revival times.
Consider first the integrable dimer
√ in the Fock regime. The eigenstates are
Fock number√
states, leading to M ∼ N , resulting in the collapse of coherence on a
timescale (U N )−1 , and its revival at t = (U N )−1 [38]. In the Josephson regime,
the dynamics are far more complex due to the coexistence of nearly-linear and highly
nonlinear phase-space regions, resulting in a rich dependence of M on N [32–34].
Consequently, the collapse and revival pattern becomes more intricate and dependent
on the coherent preparation, as illustrated in Fig. 2. Summarizing previous results
obtained by semiclassical evaluation of the participation number for the integrable
dimer [32–34], we have identified the following generic scaling laws of M with the
system size N :
 √
elliptic fixed point
 √u
u
log(N/u)
hyperbolic
fixed point
M≈
 √
N log(N/u)
separatrix edge

(14)

which correspond, respectively, to the triangle, inverted-triangle, and square markers
in Fig. 1.
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Fig. 2 – (Color online.) Collapse and revival dynamics of the normalized population imbalance Sz
(top) and of the single-particle coherence S (bottom) for the representative coherent preparations
marked in Fig. 1. The BHH parameters here and in all subsequent figures are N = 100 and u = 2.5,
corresponding to the Josephson regime.
2.3. ERGODIZATION AND EFFECTIVE IRREVERSIBILITY OF THE CHAOTIC KICKED
DIMER

Consider now the same coherence evolution scenario, starting from a coherent
spin state, when the dimer is driven to yield the mixed phase-space of a kicked-top.
The classical phase-space in the presence of kicking is illustrated by the stroboscopic
plots in the top panels of Fig. 3 for two representative values of the interaction parameter u. The left panel depicts a mixed phase-space with regular islands embedded in
a chaotic sea, whereas in the right panel the islands shrink and the motion is chaotic
almost throughout the entire phase-space.
Starting from a SCS at (θ, ϕ), we iterate it with the Floquet operator F̂ , and
calculate S(t) over a timescale t  ωJ−1 , where t is the number of iterations (T = 1).
We then evaluate the long time average S̄ over t = 5000 kicks, which is much larger
than any semi-classical time scale. The value of S̄ for any initial coherent preparation
is plotted in the middle row of Fig. 3. It is evident that coherence is irreversibly
lost for preparations lying in chaotic phase-space regions, as opposed to retained
one-particle coherence in integrable islands, with near-unity values for preparations
located at elliptic fixed points of the dynamical map. This picture is in agreement
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Fig. 3 – (Color online.) Classical phase-space stroboscopic plots (top), time-averaged one-particle
coherence S̄ over 5000 kicks (middle), and participation number M (bottom), for all spin coherent
preparations |θ, ϕi. The parameters here and later, unless specified otherwise, are T = 1 and
K = π/2. The number of particles is N = 200, while u = 5/π (left) and u = 8/π (right).

with the far greater participation numbers of preparations lying within the chaotic
sea, as illustrated in the lower panels of Fig. 3. However, participation numbers in
the vicinity of unstable periodic trajectories immersed in a chaotic sea are somewhat
lower. These “scars” will be discussed below.
From here on, we focus on the SCS preparation |π/2, π/2i, residing around a
fixed point of the classical map (see Fig. 3). Classical stability analysis around this
point gives the Lyapunov exponent
 p

1
log b + b2 − 1 ,
T0
(15)
 πu 2
 πu 
b≡
[1− cos(πu)] +
sin(πu) + cos(πu),
4
2
where T0 = 4 is the fixed point period, i.e., the number of kicks required to cycle it
to its initial position. Therefore a transition from an elliptic fixed point in a linear
island to a hyperbolic fixed point in the chaotic sea takes place when b = 1, i.e., at
u ≈ 2.1. This transition is clearly seen in the top panels of Fig. 3. Note that for even
integer values of u beyond this point, ellipticity is restored because they correspond
to insignificant 2πn kicks.
λ=
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Fig. 4 – (Color online.) Husimi distributions after t = 1000 iterations, starting with the spin coherent
state |π/2, π/2i. The interaction is u = 5/π and u = 8/π in the left and right panels, with N = 20
(upper) and N = 2000 (lower).

To illustrate how the transition to chaos affects ergodicity, we plot in Fig. 4 the
phase-space Husimi distribution,
Q(θ, ϕ) = hθ, ϕ|ρ̂(t)|θ, ϕi,

(16)

where ρ̂(t) is the N -particle density matrix, after t = 1000 cycles, starting with the
pertinent preparation |π/2, π/2i. The evolved distributions are plotted for the same
values of u as in Fig. 3, i.e., for classically stable preparation in panels (a) and (c) and
for classically chaotic preparation in panels (b) and (d). It is thus clear from comparison of Fig. 4 (c) and Fig. 4 (d) that if N is large enough there is a transition from
retained localization and coherence when the fixed point is elliptic to ergodization
and loss of coherence when it becomes chaotic. Since 1/N is the effective Planck
constant of the many body system, the difference between the two cases is blurred
for small N when the Planck cell becomes larger than the initial preparation (panels
(a) and (b)) and quantum-classical correspondence is lost.
The corresponding time evolution of the one-particle coherence S(t) is plotted in Fig. 5 (a). For u values slightly below the transition coherence is maintained
whereas above the transition it is quickly lost. In stark contrast to the collapse and
revival dynamics of the integrable case (Fig. 2), no revival is observed for several
thousands Josephson periods. The sharp transition from the retained coherence associated with classical stability to the irreversible dephasing associated with classical chaos is illustrated in Fig. 5 (b) where the time-averaged coherence S̄ is plotted
throughout the (u, N ) parameter space.
The orders-of-magnitude increase in the quantum recurrence time as the system
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Fig. 5 – (Color online.) Coherence dynamics and participation number for the preparation |π/2, π/2i:
(a) S(t) for (from top to bottom) u = 6.4/π, 6.64/π, 6.66/π, 6.8/π, with N = 1200; (b)
Time-averaged coherence S̄ as a function of u and N ; (c) M as a function of N for (from top to
bottom) u = 4.8/π, 6.6/π, 6.8/π, 8.8/π; (d) M as a function of u and N .

becomes chaotic is understood by inspection of the N -dependence of participation
number M of the |π/2, π/2i preparation, shown in Fig. 5, panels (c) and (d). When
u is below the transition the fixed point is elliptic and hence, in agreement with
Eq. 14, the participation does not change as N is increased while keeping u fixed.
In contrast, when the transition is crossed and the preparation becomes chaotic, the
participation number scales as the entire Hilbert space dimension (recall that the
Hilbert space of a BH dimer is spanned by N + 1 eigenstates). Thus we obtain a
new linear M (N ) dependence which is in agreement with a semiclassical quantumergodic picture: a minimal-Gaussian representing the initial coherent state, overlaps
with all the eigenstates residing in the chaotic phase-space region.
The dependence of the participation M on the particle number N is summarized in Fig. 6. Panel 6 (a) has the generic scaling laws (14) of the integrable model,
whereas panel 6 (b) shows the linear dependence in the chaotic case. While linear M (N ) dependence characterizes all coherent preparations in the chaotic sea, the
M/N slope is not uniform. The fraction of participating states for the SCS |π/2, π/2i
(circles in Fig. 6 (b)) which lies on the hyperbolic saddle of an unstable periodic orbit
(i.e. on a quantum scar), is considerably smaller than that obtained for SCS located
at fully chaotic points, such as the state |π/3, π/3i (square symbols in Fig. 6 (b)):
The latter participation ratio is
M
1
=
(17)
N
2
which is precisely the expected statistical value of Random Matrix Theory (RMT)
for a Gaussian Unitary Ensemble (GUE) [39]. The semiclassical suppression of this
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Fig. 6 – (Color online.) (a) Participation number M vs. particle number N for representative coherent
preparations of the integrable dimer model: at elliptic point |π/2, 0i (4), at hyperbolic point |π/2, πi
(), and on the separatrix edge |0, 0.9πi (O); (b) same for the mixed phase-space of the kicked dimer,
with preparations located at the hyperbolic point |π/2, π/2i (◦) and at a nearby fully-chaotic point
|π/3, π/3i (). For both (a,b) u = 9/π; (c) Dependence of M on u for the two preparations of (b)
with N = 1000. The dashed and dotted red lines depict the RMT estimation M ≈ N/2 and the
semiclassical prediction of (18), respectively.

participation ratio at hyperbolic scar points was predicted to be [40, 41]

M
1
≈
N
2

"

∞
X

1
cosh(λs)
s=−∞

#−1
.

(18)

Substitution of the Lyapunov exponent λ from (15) gives good agreement with
the scar participation ratio. See Fig. 6 (c) for comparison of (17) and (18) with the
numerically calculated values. As mentioned earlier, the dips in the participation
ratio of the scar preparation |π/2, π/2i result from the stabilization of the fixed point
at u = 4, 6, 8, ... when the kicks are full 2πn rotations.
3. THERMALIZATION OF COUPLED BOSE-HUBBARD TRIMERS

Having demonstrated the ergodization of a classically chaotic Bose-Hubbard
system, the next step is to illustrate how such ergodization leads to thermalization
in a minimal bi-partite system consisting of two weakly coupled subsystems. The
combined system is fully isolated, i.e., it is neither driven, nor is it coupled to any
external degrees of freedom.
(c) 2015 RRP 67(No. 1) 67–87 - v.1.1a*2015.2.11
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3.1. THE BOSE-HUBBARD TRIMER

The smallest Bose-Hubbard model admitting chaos without external driving is
the three-mode trimer [21–27]
H=

 U X
K X †
âi â0 + â†0 âi +
â†i â†i âi âi .
2
2
i=1,2

(19)

i=0,1,2

It has three classical degrees of freedom (e.g., the number of particles in each well
ni , i = 1, .., 3, with the corresponding phase ϕi serving as the conjugate momentum)
P
and only two motional constants, namely the total number of atoms N = i a†i ai
and the total energy H. It is convenient to use number conservation to eliminate one
freedom (e.g., define the system’s configuration in terms of two population imbalances ni = ni − n0 , and two relative phases qi = ϕi − ϕ0 , with i = 1, 2) so that the
phase space is 4D, with 3D energy surfaces.
The domain of chaotic behavior of the trimer BHH is identified by the levelspacing statistics of its energy spectrum, as well as by classical Poincare sections.
For presentation purpose, the energy spectrum of the BHH (19) is scaled onto the
range ε ∈ [0, 1], i.e. ε ≡ (E − Eg )/(Emax − Eg ) such that ε = 0 and ε = 1 are the
ground energy Eg and the uppermost energy Emax respectively. Accordingly the
dimensionless time is defined as τ ≡ (Emax − Eg )t/~.

Fig. 7 – (Color online.) In panel (a) the scaled energies εn of the BHH trimer are plotted versus the
scaled interaction parameter u, for N = 35 particles. Note that the mirror anti-symmetric eigenstates
are dimer-type and hence are excluded from our analysis. The level spacing statistics is characterized
by the Broody parameter (0 < q < 1), which is displayed in Panel (b). In the energy range where the
motion is chaotic q ∼ 1.

Fig. 7 (a) displays the trimer energy spectrum εn obtained by numerical diagonalization of the BHH, as a function of u. The spectral statistics are used to identify
the ε range within which the motion is chaotic at any given value of u. This is attained by fitting the local level spacing distribution P (S) to the Brody distribution
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[42]
Pq (S) = αS q exp(−βS 1+q ),

(20)

with α = (1 + q)β, β = Γ1+q [(2 + q)/1 + q)], and Γ denoting the Euler Gamma
function. The Brody distribution interpolates between the Poissonian level-spacing
statistics characterizing the uncorrelated levels of integrable motion, and the Wigner
level-spacing distribution which indicates the linear level repulsion of a chaotic system. Thus, a Brody parameter value of q = 0 implies integrability whereas q = 1
signifies chaos. Plotting q(u, ε) maps the entire domain of chaotic motion (see Fig. 7
(b)).

Fig. 8 – (Color online.) The (q1 − q2 ) = π/2 Poincare sections of representative unperturbed classical
trajectories. We use 3D plot in order to unfold the 2D manifold. In all simulations the starting energy
is in the middle of the band (ε = 1/2). The left panel is for u = 5 (chaotic motion) and the right is for
u = 50 (quasi integrable motion).

In what follows, we will consider a system of coupled trimers, comparing the
way in which they disperse energy when they are chaotic to the case where they are
integrable. We therefore focus on two representative values of u: (a) u = 5 for which
chaos is obtained within the fairly broad window 0.2 < ε < 0.6, and (b) u = 50 for
which the motion is globally quasi-integrable due to self-trapping. Fig. 8 displays
the Poincare sections of phase-space trajectories with ε = 0.5 in these two regimes
and confirms the chaotic classical motion at u = 5 vs. the integrable self-trapped
motion at u = 50. We note that the motion is trivially integrable also in the regime
of very small u (e.g., u = 0.5). Results in this region were similar to the region of
self-trapping integrability and are thus not discussed separately.
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3.2. WEAKLY COUPLED TRIMERS AS A MINIMAL MODEL FOR THERMALIZATION

Consider now two Bose-Hubbard trimers, weakly coupled to each other. Taking the standard approach that the combined isolated system is micro-canonical and
that the canonical energy distribution of each of the subsystems is obtained by spreading the population uniformly over the accessible energy shell of the combined system, the key to thermalization is the ergodization of the isolated six-mode quantum
system. The effect of one subsystem on the other is equivalent to driving. Therefore,
the path to thermalization lies in the response of each subsystem to the drive exerted
on it by the other and as a result, its ability to uniformly populate all its eigenstates.
As described below, in the parameter regime where the trimers are chaotic, their response is diffusive, leading due to the finite subsystem energy range, to the desired
uniform eigenstate distribution.
Driving in the trimer model can be implemented by setting
K = K0 + Kd sin(Ωt),

(21)

so that the subsystem Hamiltonian has the structure
H0 + f (t)W,

(22)

where the perturbation operator W is identified as the first sum in (19), and the driving field is f (t) = (Kd /2) sin(Ωt). This choice of harmonic driving is rather arbitrary
and does not necessarily represent the actual time-dependent Hamiltonian seen by either trimer. However, as seen below, the response in the chaotic regime is generic and
does not depend on the details of the driving field or the preparation of the system.
3.3. ENERGY DISPERSION AND LINEAR RESPONSE

In the absence of coupling/driving the energy of each trimer is a constant of
motion. The drive induced by their coupling results in transitions between the energy
eigenstates of the constituent trimers, leading to a time-dependent spread of energy
∆ε(t). This dispersion is defined as the square root of the variance Var(n ) associated
with the probability distribution
2

pn (t) = hεn |Ψ(t)i .

(23)

In order to study how the onset of chaos affects thermalization, the dynamics of
the trimer energy distribution under driving was investigated for both the integrable
and the chaotic parameter regimes. Fig. 9 depicts the time evolution of the quantum energy distribution pn (t) in response to driving which mixes many levels (i.e.,
is quantum mechanically strong) but still has Kd  K0 (i.e., is classically weak).
Comparison of the response in the chaotic regime (u = 5) and in the quasi-integrable
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Fig. 9 – (Color online.) Time evolution of the quantum eigenstate distribution pn (t), starting with the
energy eigenstate corresponding to ε = 1/2. The upper set is for u = 5 (chaotic trimers) whereas the
lower is for u = 50 (integrable trimers). The left most “snapshot” is the perturbation matrix |Wn,n0 |2
that determines the short time perturbative line-shape. The times of the other snapshots are indicated
by vertical dashed lines. The boundaries of the chaotic energy window are marked by horizontal
dashed line.

regime (u = 50) reveals a striking qualitative transition. In both cases the very early
stages of the evolution reflect the validity of first order perturbation theory and the
distribution is the same as the band profile of the perturbation matrix Wn,n0 , where
n0 is the initial level (compare the Wn,n0 panels with the first distribution snapshots
in Fig. 9). However, at later times higher orders of perturbation theory dominate
and the difference becomes apparent. The quasi-integrable case is characterized by
Rabi-like oscillations which are not related to the classical dynamics. By contrast in
the chaotic regime driving is induces a diffusive energy spreading, which is restricted
to the chaotic energy window, and has remarkable correspondence with classical
chaotic ergodization.
The diffusive energy spreading in the chaotic regime implies a linear growth
of the trimer’s energy variance. In Fig. 4 the time evolution of ∆ε is plotted for
(c) 2015 RRP 67(No. 1) 67–87 - v.1.1a*2015.2.11
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Fig. 10 – (Color online.) The scaled variance as a function of the scaled time in the classical (left) and
in the quantum (right) simulations. The value of the scaled interaction parameter is u = 5 (upper
panels) and u = 50 (lower panels). In the latter case, note the different scale of the vertical axis for the
quantum vs. classical simulations. Clearly quantum-to-classical correspondence fails if the system is
driven in a quasi-integrable rather than chaotic regime.

both the chaotic and the integrable cases. In either case the dispersion obtained from
quantum evolution starting from a trimer energy eigenstate is compared to the dispersion obtained from classical propagation with the same drive, starting from a microcanonical ensemble with the same energy. As anticipated for diffusive dynamics, in
the chaotic regime the dispersion grows as (∆ε)2 ≈ 2Dt with diffusion coefficient
D ∝ Kd2 .
3.4. FOKKER-PLANCK DESCRIPTION OF THERMALIZATION

The path to thermalization of two chaotic subsystems passes through the diffusive energy spreading of each of them due to its effective driving by the other,
as described in the previous section. This diffusive energy distribution can be described by a Fokker-Planck formalism [43–49]. Each subsystem (i = 1, 2) is characterized by its density of states gi (εi ), and by its microcanonical inverse temperature
βi = ∂ ln gi /∂εi . Due to the conservation of energy of the isolated composite system,
the thermalization is within subspaces of constant total energy
ε1 (n1 ) + ε2 (n2 ) = E.

(24)

Accordingly we set ε1 = ε, and ε2 = E − ε, and construct an FPE for the probability
density ρ(ε, t) that describes the distribution of energy between the two subsystems.
Liouville’s theorem states that the stationary distribution of the diffusive process will be an ergodic distribution with uniform population of all accessible mi(c) 2015 RRP 67(No. 1) 67–87 - v.1.1a*2015.2.11
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crostates, i.e., an energy distribution which scales as the density of states
ρ(ε) ∝ g(ε) ≡ g1 (ε)g2 (E − ε).
This determines the form of the FPE :



∂ρ
∂
1
∂
g(ε)D(ε)
=
ρ .
∂t
∂ε
∂ε g(ε)
In order to identify the dispersion and drift terms in (26) we rearrange it as


∂ρ
∂ρ ∂ D(ε) ∂g(ε)
=
ρ + D(ε)
∂t ∂ε g(ε) ∂ε
∂ε


∂ ∂ ln g(ε)
∂D(ε)
∂
=
D(ε)ρ −
ρ+
[D(ε)ρ] .
∂ε
∂ε
∂ε
∂ε
Noting that ∂ε ln[g(ε)] = β1 − β2 we arrive at the final form


∂
∂
∂ρ
=−
A(ε)ρ −
[D(ε)ρ] ,
∂t
∂ε
∂ε

(25)

(26)

(27)

(28)

where the drift velocity A is related to the diffusion coefficient as
A(ε) = ∂ε D + (β1 − β2 )D.

(29)

3.5. CANNONICAL STATES: FROM FOKKER-PLANCK THEORY TO EINSTEIN RELATIONS

Assume both subsystems are independently in a canonical state. Their joint
energy distribution is therefore given as


1
ε1 ε2
ρ(ε1 , ε2 ) =
g1 (ε1 )g2 (ε2 ) exp − −
.
(30)
Z1 Z2
T1 T2
Averaging over the drift term gives the energy transfer rate

Z
Z
E
1
dE exp −
dε [∂ε D + (β1 − β2 )D]
hA(ε)i =
Z1 Z2
T2
 
 
(31)
1
1
× g1 (ε)g2 (E − ε) exp −
−
ε .
T1 T2
Integration by parts of the term including ∂ε D results in a ∂ε g1,2 = ±g1,2 β1,2 contribution that cancels with the (β1 − β2 )D term. The result is


Z
Z
1
E
hA(ε)i =
dE exp −
dεDg1 (ε)g2 (E − ε)
Z1 Z2
T2
 
  

(32)
1
1
1
1
× exp −
−
ε
−
.
T1 T2
T1 T2
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The term in the curly brackets is identified as the canonical average over D, namely
Z
Z
hDi = dE dερ(ε, E − ε)D(ε),
(33)
so that (32) becomes a mesoscopic Einstein relation, i.e.,
d
hεi = hA(ε)i =
dt



1
1
−
T1 T2


hDi.

(34)

Thus, for canonical states energy always flows from the higher to the lower
canonical temperature. However, according to the the more general (29) energy can
flow counter to the micro-canonical temperature difference due to the energy dependence of D(ε). While seemingly counter-intuitive, this observation does not contradict the Zeroth Law of thermodynamics. The micro-canonical temperatures of finite
systems in equilibrium need not be equal due to energy fluctuations. The ergodic
solution ρ ∝ g(ε) around which (26) has been constructed only implies that the most
probable ε is the one for which β1 (ε) = β2 (E − ε).

Fig. 11 – (Color online.) (a) Energy distribution profile ρ(E) of the simulation shown in the top panel
of Fig. 9 at τ = 149 (narrower), τ = 299 (wider), and τ = 448 (widest). Symbols are taken directly
from the numerical quantum propagation of Fig. 9 whereas solid lines correspond to numerical
solutions of (26). (b) Density of states g(E) (dotted line) and diffusion coefficient D(E) (solid line)
as obtained from diagonalization of the BHH and (38).

3.6. FLUCTUATION-DISSIPATION PHENOMENOLOGY AND THE CALCULATION OF THE
DIFFUSION COEFFICIENT

The weak coupling assumption implicit in the derivation of (26) allows the calculation of the energy diffusion coefficient D using the Kubo formalism. Writing the
interaction between the constituent subsystems as H = Q(1) Q(2) and defining S̃ (i) (ω)
as the power spectrum of the fluctuating variable Q(i) (t), the diffusion coefficients is
(c) 2015 RRP 67(No. 1) 67–87 - v.1.1a*2015.2.11
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therefore given as,
∞

dω 2 (1)
(35)
ω S̃ (ω) S̃ (2) (ω) .
2π
0
This provides a generalized fluctuation-dissipation relation connecting energy flow
between the subsystems with the intensity of their fluctuations.
In order to evaluate the diffusion coefficient for the driven trimer, the power
spectrum of W due to the evolution generated by H0 is calculated from its matrix
elements as
Z

D=

S̃(ω) = FourierTransformhW (t)W (0)i
X X
|Wm,n |2 2πδ(ω − (εm −εn )),
pn
=
n

(36)

m

where pn is the occupation of the n-th H0 eigenstates. The practical procedure for
calculating S̃(ω) for a given micro-canonical energy ε, is to plot the smoothed value
|W |2 of the squared elements |Wm,n |2 as a function of ε = En along the diagonal
(Em − En ) = ω. It then follows that
S̃(ω) = 2πg(ε)|W 2 |.
(37)
2
Multiplication by the driving strength |Kd | gives the Fermi-golden-rule expression for the rate of transitions due to a monochromatic driving. As implied by
the Kubo formula (35) the diffusion coefficient is given by [50]:
π
(Kd Ω)2 g(ε)|W 2 |,
(38)
2
where |W |2 has implicit dependence on both ε and Ω as explained above.
In Fig. 11 the diffusive energy distribution observed in Fig. 9 is compared with
the solution of the FPE (26) using the diffusion coefficient from (35) and (38). The
agreement confirms the phenomenological argument for the FPE description of equilibration between the constituent parts of a bi-partite isolated quantum systems.
D(ε) =

4. CONCLUSIONS

Few-mode Bose-Einstein condensates are tunably chaotic systems, which may
be used to study fundamental questions concerning ergodization and thermalization
in isolated mesoscopic quantum systems. In addition to controlled chaoticity, they
offer a handle on classicality as the inverse particle number serves as their effective
Planck constant.
The minimal Bose-Hubbard models which exhibit chaos are the time-dependent
kicked dimer, corresponding to a discrete dynamical map of a one-freedom system
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and the time-independent trimer, corresponding to the continuous map of a twofreedoms system. In the former case, the interferometrically measurable time evolution of the one-particle coherence, may be used to trace the phase-space ergodization
of initially coherent preparations. Spin coherent preparations residing in the chaotic
regions of the mixed phase-space, contain O(1) fraction of the quantum eigenstates.
This leads to an abrupt irrecoverable loss of single particle coherence, as opposed
to the collapse and revival dynamics obtained when the system is integrable. Within
the chaotic sea there are two distinct types of linear dependence, reflecting different
wavefunction statistics. The lower participation numbers of wavepackets launched at
hyperbolic fixed points along unstable periodic orbits, reflect the wide distribution of
overlaps due to quantum scarring.
Weakly coupled Bose-Hubbard trimers can be used to explore quantum thermalization and energy transfer between mesoscopic subsystems. In chaotic regimes,
each trimer responds generically to the weak driving exerted on it by the other, with
energy diffusion at a rate proportional to the square of the driving strength, Kd2 . Consequently, the thermalization of coupled Bose-Hubbard sub-systems can be described
by a phenomenological FPE, which for the particular case of canonical states implies
standard thermodynamic Einstein relations.
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