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Abstract. We report on the existence and stability of two-dimensional fundamental
defect solitons in optical lattices based on both focusing and defocusing Kerr media. It
is found that in focusing Kerr media, for positive defect, the solitons only exist in the
semi-infinite gap; for negative defect, the solitons may stably exist in the semi-infinite
and the first gaps. In contrast, in defocusing Kerr media, for positive defect, the solitons
exist in both the first gap and semi-infinite gap; while for negative defect, the solitons
only exist in the first gap. Additionally, for zero defect, solitons only exist in the semiinfinite gap for focusing media and only exist in the first gap for defocusing media.
Key words: Kerr media, optical lattices, defect solitons.

1. INTRODUCTION
Solitons are localized waves that propagate in nonlinear media where
dispersion and diffraction exist. In optics, the existence of solitons in periodic
optical lattices with nonlinearity has gotten a lot of attention in the past dacade
[1–5]. These solitons were studied both theoretically and experimentally, and some
of them were observed by different groups [6–10]. Gap solitons are formed by the
nonlinear coupling between forward- and backward-propagating light waves [11–13].
Gap solitons are significant to the fundamental studies in optics and photonics [14, 15].
Defect linear modes [10, 16, 17] and nonlinear modes (solitons) [2, 18–21]
have been widely studied in both one-dimensional (1D) and two-dimensional (2D)
optical lattices with a single defect. Defect solitons (DSs) have been studied in
different types of 2D optical lattices based on focusing saturable nonlinear media,
and the obtained results show that these DSs exist in different bandgaps with
different defect intensity [18–21].
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In this paper, we study the DSs in two-dimensional optical lattices based on
both focusing and defocusing Kerr media. In focusing Kerr media, for positive
defect and zero defect (uniform lattices), the solitons only exist in the semi-infinite
gap and all these solitons are stable. For negative defect, the solitons may stably
exist in the semi-infinite and the first gaps. But at the edge of the band, solitons are
unstable. In contrast, in defocusing Kerr media, for positive defect, the solitons
exist in both the first gap and the semi-infinite gap; while for negative and zero
defects, the solitons only exist in the first gap and these solitons are stable. Our
results also demonstrate that the stability of DSs in the case of focusing
nonlinearity obeys the Vakhitov-Kolokolov (VK) criterion, and the stability of DSs
in the case of defocusing nonlinearity obeys the anti-VK criterion [22].
2. THE THEORETICAL MODEL
The optical beam propagating in the Kerr media with optical lattices is
described by the following nonlinear Schrödinger equation [22–25]:

i

∂U ∂ 2U ∂ 2U
+ 2 + 2 + V ( x, y )U + γ | U |2 U = 0,
∂z
∂x
∂y

(1)

where U(x,y,z) is a real function representing the slowly varying amplitude of the
probe beam, (x,y) are transverse axis, z is the propagation distance and γ = ±1 ( for
a focusing medium γ = 1 , whereas for a defocusing one γ = −1 ). Here V(x,y) is the
periodic lattice potential with a single defect as described by
V ( x, y ) = V0 (cos 2 x + cos 2 y ){1 + ε exp[ −( x 2 + y 2 ) 4 /128]},

(2)

where V0 is the depth of the optical potential and ε is the defect intensity. When
ε > 0, it represents a positive defect, ε = 0 represents a uniform lattice without
defect, whereas ε < 0 represents a negative defect. The positive and negative
defects are respectively attractive and repulsive as concerned the interaction of
solitons with them. In this work, we set V0 = 6 [24, 25]. The intensity distribution of
lattice potential with negative defect (ε = – 0.2) and positive defect (ε = 0.2) are
shown in Figs. 1a and 1b, respectively.
In order to get the bandgap structure, we can write U(x,y,z) as,
U(x,y,z)=u(x,y)exp[i(kxx+kyy)+iµz], where u( x, y) is a periodic function with the
same periodicity of the lattices, µ is the real propagation constant, kx and ky are
wave numbers in the first Brillouin zone. By substituting it into Eq. 1) and using
the plane wave expansion method [26] we can obtain the semi-infinite gap as
µ > 7.88 , the first gap as 4.78 ≤ µ ≤ 7.46 , and the second gap as 2.19 ≤ µ ≤ 2.91 .
As indicated in Fig. 1c, there are only three gaps in our optical structure.
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Fig. 1 (Color online) – a) The lattice potential with a negative defect at the center ε = –0.2;
b) ε = 0.2; c) bandgap structure of the optical potential (blue shaded regions are Bloch bands).

The soliton solutions of Eq. (1) are sought in the form of
U ( x, y, z ) = u ( x, y ) exp(iµz ) , where u ( x, y ) is a real-valued function. By
substituting this expression to Eq. (1) we get the following equation:

∂ 2u
∂ 2u
+
+ Vu + γ u
∂x 2
∂y 2

2

u = µu .

(3)

There are several methods to solve this equation; here the modified squaredoperator iteration method (MSOM) is used to numerically solve the equation, see
Ref. [25].
To study the stability of defect solitons, we perturb them as
U ( x, y, z ) = {u ( x, y ) + [v( x, y ) − w( x, y )]exp(λz ) + [v ( x, y ) + w( x, y )]∗ ⋅
⋅ exp(λ ∗ z )}exp(iµz ),

(4)

where the superscript "*" represents the complex conjugation, and v, w << 1 .
Substituting these perturbations into Eq. (1) and linearizing it, we can get the
following linear eigenvalue problem

v
v
L   = −iλ   ,
 w
 w

(5)

where L =  0 L0  , L0 = −( ∂ 2 + ∂ 2 ) − V + µ − γu 2 , L1 = −( ∂ 2 + ∂ 2 ) − V + µ − 3γu 2 ,


∂x
∂y
∂x
∂y
 L1 0 
and λ is the eigenvalue. The growth rate Re (λ) can be solved by a numerical
method called the original operator iteration method (OOM) [27]. If there exists an
eigenvalue λ with Re (λ) > 0, the defect solitons are linearly unstable, otherwise, the
2

2

2

2

solitons are linearly stable. The power of solitons defined by P = ∫

+∞

−∞

∫

+∞

−∞

2

u dxdy is

conserved upon propagation. We also add a white noise (10% of the initial soliton
profiles) in order to simulate the propagation of perturbed solitons.
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3. NUMERICAL RESULTS

3.1. THE DEFECT SOLITONS IN FOCUSING KERR MEDIA
First, we consider the uniform lattice (ε = 0, i.e., without any defect in the
lattice). The solitons only exist in the semi-infinite gap. The soliton power P versus
the propagation constant µ is plotted in Fig. 2a. As shown in the figure, the power P
monotonously increases with the growth of µ. In uniform lattices, the solitons are
stable in the semi-infinite gap. We numerically solve the Eq. (5), and find that the
real part of perturbation growth rate Re (λ) is always zero. As a typical example,
we choose µ = 10 [point A in Fig. 2a] to simulate the propagation of the soliton.
From Figs. 3a–3c, we can find that the soliton is trapped in one cell of the lattice
and can be stable in propagation.

Fig. 2 (Color online) – a) The power of DSs versus propagation constant in focusing media
(blue shaded regions are Bloch bands); b) the real part of perturbation growth rate
for the unstable DS when ε = –0.2.

Next, we take ε = 0.2 as a typical positive defect of the lattice in order to
study DSs. The DSs' power versus the propagation constant µ is plotted in Fig. 2a.
The solitons only exist in the semi-infinite gap, a feature which is similar to that
occurring in the case of DSs in the saturated nonlinear media [18]. Compared with
the power curve of solitons in uniform lattice, the power of positive DSs is smaller
than that in the case of uniform lattice for certain propagation constant. And the
DSs in positive defect lattices are stable too. Accordingly, we also get that the real
part of perturbation growth rate is zero. Fig. 3d shows the profile of DS for µ = 11
[point B in Fig. 2a], and Figs. 3e and 3f are the profiles of DS at z = 100 and
z = 200, respectively. Apparently, the solitons in the case of positive defects can
keep their profiles during propagation. Note that in this case the region of the stable
DSs is larger than that of stable DSs in saturated nonlinear media [18].
Finally, we take ε = – 0.2 as a typical case of negative defect in order to study
DSs. Also, we plot the DSs' power in Fig. 2a. In the contrast to the above both
cases, when ε = – 0.2, the stable DSs exist in the regions 5.86 ≤ µ ≤ 7.44 and
µ ≥ 8.1 , which correspond to in the first gap and the semi-infinite gap, respectively.
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Figs. 3g–i show the evolution of the stable DS for µ = 6.5 (point C in Fig. 2a) in the
first gap. As shown in the Figs. 3g–i, the stable DS carrying lower power occupies
more lattices besides the center lattice. However, In the region 7.90 ≤ µ < 8.10 , i.e.,
near the edge of the band, the DSs are unstable, and the dependence of the soliton
power on µ has a turning point, i.e., the soliton power does not increase with the
growth of the propagation constant, as shown by the curve of power versus
propagation constant in the inserted figure of the Fig. 2a. This result is similar to
the defect solitons in the saturated nonlinear media [18]. The real part of the
perturbation growth rate Re (λ) > 0 for unstable DSs is shown in Fig. 2b, and this
result is in accordance with the VK criterion. Figs. 3j–3l are the profiles of DS for
µ = 8 (point D in Fig. 2a) at z = 0, z = 20 and z = 40, respectively. The unstable DS
gradually spread into many lattice sites and decays eventually.

Fig. 3 (Color online) –a–c) Stable soliton for µ = 10 (point A in Fig. 2a) when ε = 0; d–f) stable DS
for µ = 11 (point B in Fig. 2a) when ε = 0.2; g–i) stable DS for µ = 6.5 (point C in Fig. 2a)
when ε = –0.2; j–l) unstable DS for µ = 8 (point D in Fig. 2a) when ε = – 0.2.
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3.2. THE DEFECT SOLITONS IN DEFOCUSING KERR MEDIA
In the case of defocusing Kerr media we have a different situation: the
solitons in uniform lattices and in negative defect lattices both exist in the first gap,
but not in the semi-infinite gap. The soliton power P versus the propagation
constant µ is plotted in Fig. 4a. In addition, for the same propagation constant, the
soliton powers in the case of positive defect is larger than those in uniform lattices
and in the case of negative defect. These properties are in contrast to those
corresponding to the focusing case as mentioned above.
For uniform lattices (ε = 0), solitons can exist in the first gap and all these
solitons are stable. An example of stable soliton in uniform lattices is showed in
Figs. 5a–5c corresponding to point A in Fig. 4a with µ = 6.
For negative defect, the DSs only exist in the first gap with ε > – 0.3. Here,
we set ε = – 0.2 to study the properties of DSs. When ε = – 0.2, the DS exists in the
region of 4.88 ≤ µ ≤ 5.82 locating at the first gap, and the DSs are all stable. We
take µ = 5.5 (point B in Fig. 4a) as an example to simulate the propagation of DS.
Figs. 5d–5f are the profiles at z = 0, z = 100, and z = 200, respectively. Obviously,
the DS is stable upon propagation.

Fig. 4 (Color online) – a) The power of DSs versus propagation constant in defocusing media (blue
shaded regions are Bloch bands – defocusing case); b) the real part of perturbation growth rate λ for
the unstable DS when ε = 0.2.

For positive defect case, solitons exist in both the first gap and the semiinfinite gap. When ε = 0.2, the DS stably exists in the regions of 4.9 ≤ µ ≤ 7.4 (in
the first gap) and 7.9 ≤ µ ≤ 9.6 (in the semi-infinite gap). Figs. 5g–5i show the
evolution of a stable DS for µ = 9 (point C in Fig. 4a). The DS can maintain its
profile in propagation. But at the edge of the first gap, 7.13 ≤ µ ≤ 7.41 , the solitons
are unstable and accordingly, we see that one turning point of power versus
propagation constant appears, which is similar to the focusing case where solitons
exist at the edge of the semi-infinite gap (Fig. 2a). We also numerically calculate
the real part of perturbation growth rate Re λ > 0 for the unstable region as shown
in Fig. 4b; here the stability obeys the anti-VK criterion [22]. This can be explained
as follows: the defocusing medium can defocus light and the defocusing capacity
increases with the growth of the light intensity, i.e., the light interaction with the
nonlinear medium is contrary to the above focusing case. For the unstable case, we
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take µ = 7.2 (point D in Fig. 4a) to simulate soliton propagation, as displayed in
Figs. 5j–5l. The unstable soliton gradually spreads into the nearby lattices and
finally decays.

Fig. 5 (Color online) – a), b) and c) Stable soliton for µ = 6 (point A in Fig. 4a) when ε = 0; d), e)
and f) stable DS for µ = 5.5 (point B in Fig. 4a) when ε = – 0.2; g), h) and i) stable DS for µ = 9 (point
C in Fig. 4a) when ε = 0.2; j), k) and l) unstable DS for µ = 7.2 (point D in Fig. 4a) when ε = 0.

4. CONCLUSIONS

We have studied the defect solitons in optical lattices based on both focusing
and defocusing Kerr media. We revealed the stable regions of the defect solitons
for different lattice defects in both the focusing and defocusing Kerr media. In
focusing media, for negative defect, the defect solitons can exist in both the semiinfinite gap and in the first gap. In the semi-infinite gap, near the Bloch band, the
defect solitons are unstable. In the first gap, defect solitons are stable. For the case
of positive defect, solitons only exist in the semi-infinite gap and they are stable. In
defocusing media, for the case of positive defect, such solitons can exist in both the
first gap and the semi-infinite gap. In the first gap, at the edge of the Bloch band,
defect solitons are unstable. In the semi-infinite gap, defect solitons are stable. For
the case of the negative defect, such solitons only exist in the first gap, and they
can be stable. Some of the results reported in this work are different from those
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obtained in the case of saturable nonlinear media. Our results can be extended to
higher-dimensional solitons, such as spatiotemporal optical solitons, alias “light
bullets” [28–30].
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