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Abstract. The energy balance photon — medium, during the light travelling, through a specific
continuous interaction between a single photon and a homogeneous, infinite medium (fully ionized
plasma or a transparent dielectric), was studied. We obtained a wave equation for the interacting
photon. To explain the interaction in quantum terms, we assume a certain photon — medium
interaction energy, macroscopically materialized by the existence of the refractive index. It turns out
that the interaction is of a scalar type, for vanishing rest mass and of spin 1 particle submitted both to
scalar and vectorial fields. We found out an expression of the propagation equation of the photon

through a non-dissipative medium, using a coupling between the photon spin S and the scalar
interaction field (ES, H $)-
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1. INTRODUCTION. KRAMERS TYPE FORMALISM

Many years ago, Nicholas Ionesco-Pallas proposed [1] a new formulation of
Electrodynamics in homogeneous moving media, different from those already
known, due to Abraham and Minkowski. See for instance [2]. This new approach is
based on two distinct hexa-vectors QA = (E, E) and QB = (5, H ), or two
O-vectors [3, 4].

In Romanian literature, Q-vectorial formulation of Electrodynamics was
promoted by Nicholas Ionesco-Pallas et al. [5—7] and George Moisil [8]. In view of
ensuring a correct relativistic behavior of time relaxation in dielectrics, a certain
constraint is, however, necessary to be accomplished before any application of the
Q-vectorial formalism. This is a connection between the resistivity as a 4-vector,

&%, and the conductivity A under the form
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The constraint is equivalent to the statement that “The structure of
Electrodynamics in moving homogeneous media may be organized in terms of
Q-vectors if, and only if, conductibility and resistivity are combined together as a
4-vector”. In other words, conductibility must vary, in terms of velocity as

M) =(0),[1- E—; (2)

In this paper, the effort of the author is focused on a rather different direction,
than it is usually paid by the physicists working with photons. While the great part
of them deals with free photons implied in optical experiments or confined in ideal
cavities and constrained to thermal equilibrium [9-13], the purpose of this paper is
to study the behavior of photons, interacting with the environmental matter, during
the path of light through plasma or dielectric media. The special character of this
interaction is coming from the physical characteristics of the photon — its inertial
mass and its electrical charge are vanishing. A methodological principle may,
however, be useful in this case, namely an analogy between the light propagation
in an optical guide and the light propagation in plasma near the cut off limit
[14, 15]. Additional information may be equally gathered when classical Fresnel’s
formulas are reinterpreted in modern quantum mechanical terms due to an idea of
W. Heisenberg [18-20]. Finally, a surprising idea is coming from the possibility to
put into evidence even the coupling of the photon spin with the gradient of the
interacting energy in propagation through a dielectric medium. All these aspects
deserve a unitary treatment in a revised approach and make the subject of the
present work. At the same time, arguments are brought to accept the idea that the
wave function of the interacting photon is a Q-vector (connected in a specific way
with an irreducible spinor).

As far as we are convinced that Relativity Theory is a theoretical tool for
entering upon any problem of modern physics (as a result of several already
worked out experiments), we have no doubt that conductibility variation in terms
of velocity will be confirmed too.

2. THE PHOTON WAVE FUNCTION

So, coming back to our problem (which is a quantum one) we may state that

two Q-vectors QA and Qp are necessary for a complete description of energy
propagation in this case, namely

The de Broglie wave propagation associated to the photon propagation is
written as
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¥ =K, 04 +Kp0p. C))
For a homogeneous and transparent medium with
D=¢E, Ezpf], n=.en>1, 5
one obtains
$P = (K, +eKp)2E? +(Kp + 1K )2 H? = |C|2$(SEZ +uA?). (6)

Here |C|2 is normalization constant. Identifying the constant in (6), one
obtains the algebraic system of equations.

N
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K+ Ky =|Cl—/u,
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whose solution is
o1 e 1 Ak

The photon wave function is now normalized in such a way so that the
presence probability of a photon is proportional to the energy density in the
Euclidian space.
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[9" P dxydx; =ICl? J'%dxldxzdx_g. (10)

3. THE MATRIX REPRESENTATION
OF PHOTON WAVE FUNCTION

It is now convenient to adopt a matrix representation, alternatively to the
standard vectorial representation:

VeE +iJuH, | Ty,

‘f’—)ICIﬁ JeE, +iJuH, |=| ¥, |. (11)
\/EEZH'\/HHZ Y3
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For every component ‘¥, there is a propagation equation
1 02 j i (kF— c
—— =0, =y, (0)eiki—on = . 12
( V2 atz Vi Vi Wk( ) \/a ( )
The momentum and energy operators may operate delivering the dispersion
equation
s - _ho
p=58  E=—G5 =
EY¥, = ho¥,, (13)

pY, =hKY,,
(122—03—22)\sz0, SIR[=2=9 [en.
1% 1% C

The recovering of the dispersion (|K l, co) relationship is a proof for using

momentum operators ( D, E ) just as in Quantum mechanics.
On the other hand, the Maxwell equations in a transparent infinite

homogeneous medium can be written in the form
V(o)=Y 2 (),
. (14)

)=—@§(&E).

v(Jud)=0, Vx(JE

The curl-type equation of (14) can be further written in the form of a single

equation for the complex function ¥ as defined in (9), so that
V-¥=0,
(15)

Vx@zlﬂ
v Ot’

C

V= .
Ve

Actually, the first equation (15) is a Schrodinger-type equation. In order to
make this assertion more convincing, let us introduce the energy operator from

(13), the matrix notation of ¥ from (11) and the spin 1 algebra, namely
SxS=iS, S*=S, (16)
000 00 0-i0
S=[00—i|i+/000|Lh+|i 00| (17)
-i00 000

0:i0
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We get in this way a perfect equivalence between the matrix and vector
notations, that is

T ire e e Tk Ere E g g
\leljlll +T212 +\P3l3, lP :\Plll +T2l2 +\P3l3,

LP]
Y=|¥,|, Y'=[¥] ¥, Yl (18)
‘P3
N R ' k=3
P -\P:zijJk\Pj;le =D W, =Y
k=1
Also
0 —a3; a, || ¥ a¥s;—a'¥, (5><q1)1
(Sa)q":l —a3 O —al \P2 =1 a3‘P1—a1‘P3 =1 (aqu)z
—a, O lP3 a]lPZ —Clz\P] (ax \?)3
= (S-a)v=ilax¥y),
. _ 19
(§-p)¥=n(vxP).

4. THE PHOTON WAVE EQUATION

As a consequence of the last equalities, the first equation (15) takes the
specific form

EY=HY, E:—?%, A=v(S p). (20)

In our opinion, this is the photon wave equation for an infinite medium

characterized by the constants (g, p). Quite specific for this equation is the
“irrelevance” of the constant 7. From Eq. (18) we get

_ha¥ _ v hoy" _ w
Le vi(Vx¥P), 15 vil(V x9*). 1)

By the scalar multiplication at left of the first of these equations by ¥* and,
similarly, of the second one by ¥, and subtracting the results, we finally get

—?(‘i’*-%—\f+%-‘?j=vh{‘i’*-(Vx‘i’)—‘?-(Vx‘i’*)}. 22)
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Using further the identity
B-(VxA)-A-(VxB)=V-(AxB) (23)

for B=9" and A=V we conclude that the right part of Eq. (22) is reduced to the
compact form viV - (¥ x ¥*) while the left part can be reduced to —?%(‘f’* ).
In this way equation (22) becomes

%(\P*-\?)+v-{iv(\ifxl¥f*)}=o. (24)
In addition, it can easily be verified the following identities
(AR AR 2
WESY =i(W3Y, - Wa W) +i(YTY; - WIW DL +i(W5 W, - YIY,)h, (29)
YHSW = i(P x ),
so that the equation (24) gets the “quantum” form
%(l}fﬂy) +v-{wytS¥) =0. (26)

Obviously, this equation allows simultaneously two interpretations:
a) as the conservation law of the photon localization probability, and
b) as the conservation law of the corresponding electromagnetic energy.

The two interpretations are interrelated and allow the determination of the
normalization constant |C].
Let’s now go back to Eq. (12) in its quasi-d’ Alambertian form

ap_ L2y g o 27)
v2 or? EU
The immediate temptation is to “generalize” this equation for an arbitrary
2
v#0. For this purpose, we add and subtract the term —%g—z‘l’ so that we
v© ot
compose the Lorentz operator as a d’ Alambert invariant, namely
102 ) 1 2,2¥
A——=—|Y+5(1-n")=—=0. 28
( c? or? c2 ( ) or? (28)
On the other hand, from Eq. (13) it results that the action of the operator %

upon the wave function ¥ is
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O __If o
Erinia E——-io, (29)
so that from Eqgs. (28) and (29) we finally get
_10* _(9)2 2 W=
( T2 )‘P . (1-n*)¥ =0. (30)

So far, the photon medium interaction was investigated under its energetic
aspect, and the final equation (30) is equivalent to Helmholtz equation (27) .
Possible additional interactions, coming from the coupling of the photon spin with
the gradient of the medium potential energy U, (if any), were assumed quite small
and disregarded. In this first aproximation, the wave function ¥ is a scalar
quantity, and the probabilitie interpretation on W reduces to the additional
integrability condition of W¥*W¥ over the three — dimensional Euclidian space E;.

To go further in the photon-medium interaction procces, we need to know
more about the photon spin. There is a certain well-defined relationship betwen the
dimensionality of the Hilbert space wave functions and spin. For photon, the
respective dimensionality is 2S+1=3, or, if we want to account for the parity
conservation too, this number may be dubled 2(2S5+1)=6. We observe that the

dimensionality 4 is prohibited for photon. The nature of this prohibition was
enlightned in the paper ,.Entering upon the spinor concept from a vectorial stand
point* — work due to Nicholas Ionesco-Pallas [24] and published in 1970. The
mentioned author demonstrated that the wave equation, in the case when ¥ is a
Minkowski 4 — vector does separate — via a Foldy transformation for avoiding the
negative energy states — into a scalar equation and a spin 1 equation (having three
wave components). This is in strong contrast with the wide (and groundless)
opinion that the photon wave function is delivered by the 4 — potential equation.

5. THE PHOTON PROPAGATION
THROUGH A DIELECTRIC MEDIUM

Let’s continue with a reasoning based on experiment as described in [14, 15].
In this case the propagation medium of the photon is represented by infinite non-
dispersive plasma (Fig. 1), hence the wave equation of the photon can be written in
the form

2
(A—%ﬁ—zj\P—Kz‘P -0,
c Ot

E%\/l—nz.

€1y
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Fig. 1 — The complex space of the potential energy of interaction between photons
and the propagation medium. L is the dielectric length.

Also in [14] has been introduced the notation
U=U,=chK=ho1-n*, n<l, (32)

where the quantity U, denotes the medium (plasma) potential, so that the
dispersion equation of the photon in the plasma is

ho=(U2 + 2522 (33)

Let’s consider further the propagation of a photon through a dielectric
medium. For this purpose we will start from the energy equation of a particle
moving in a field composed of both a vectorial component (of the electrodynamic
type) and a complex scalar component (of the meso-dynamic type). An argument
in favor of the scalar nature of the interaction between a photon and the dielectric
medium resides in allowing the use of Fermat’s principle for the propagation of a
light ray just as in Einstein’s theory of gravitation. In conclusion, a particle moving

in a field characterized by both vector potential A and scalar potential ®, as well
as by a scalar potential U, has the following expression

1
E=q®+[(moc +U)? +(cp—qA)? |2, (34)
U=ReU +ilmU.

Here the quantity U has the dimensions of energy and not of a potential as
has been denominated in [14, 15]. Consequently, U is not comparable with @ (the

electric scalar potential) or with A (the magnetic vector-potential) but with g®,
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respectively with gA. In conclusion, even in the limiting case mo — 0 (when the

particle becomes a photon and has no electrical charge) a particle can carry a
“charge”, g5, of non-electromagnetic nature, as a result of the permanent
interaction of the photon with the medium through which it propagates. In other
words, we can formally write U = g¢®g, (with the index S from the word scalar).
However, the separation of the quantity U into the product charge X potential =
interaction energy, possible in the case of a mesonic interaction, do not allow the
univocal definition of a scalar charge characterizing a local interaction of the
photon with the propagation medium (transparent dielectric or plasma). The
propagation is non-dispersive if ImE = 0, that is (for m;=0, g =0)

ReU-ImU =0. (35)
Consequently, from (34) and (35) we get
1
E=[(ReUy —(ImUY +c*p* |7,
ReU -ImU =0, m;=0, ¢g=0.

(36)

We have from here two distinct situations for the photon non-dispersive
propagation through an infinite medium (Fig. 1):

a)ImU =0, U=U,=hovl-n*, n<l (plasma medium)
b)ReU =0, U=U;=ihov n*>—1, n>1 (dielectric medium).

It follows that the equation of photon propagation through an infinite
dielectric transparent medium, equivalent with Eq. (33) of photon propagation
through a plasma, is

1
ho=(Ut+2p2)?2,  U=U,=ihoVn -1, n>1. (37)

Summarizing, notwithstanding the propagation medium, the photon wave
equation is

1 o2 2y _
(A—C—zyj\y'f‘(l[{ \P—O, (38)

1 -1 lasma
P
c +1 (dielectric).

For a. = -1 the static solution of ¥ is of the Seelinger-Mie-Proca-Yukawa type, and
for o = +1 it is of the Helmholtz type.

The use of equation (38) allows the description of the passage of light from a
medium with refraction index ny ~1 into a medium with refractive index n > 1. In
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addition, at the separation surface of the two media one considers the laws of
conservation of photon energy and impulse. Also the normalization of the photon
wave function is achieved by fixing the steady flux of incident photons. Under
these conditions, the refractive index plays the same role for the photon just as it
does the electrical potential for a charged particle.

A particular case of potential pointed out in [14, 15], is that one which is
generated by the guided propagation of photons for which we distinguish the
following situations:

a) Empty wave guide. The spatial limitation exerted by the wave guide walls
perpendicularly to the propagation direction generates the potential energy U, of
the form

U, =ho (39)

critic®

where o, is the critical frequency of the wave guide. This is a real potential

critic
energy.
b) Lossless dielectric filled wave guide. The rule of energy summation is

applied in the form
Uyeg =y /U2 +U3, (40)

U, being imaginary, yet the quantity under root in (40) can be either positive or
negative; also the potential energy U, , 4 can be either real and smaller than the

potential energy of empty wave guide, or alternately, it can be imaginary.
c) Lossless plasma filled guide (Fig. 2). In this case the resulting potential
U, ., p 1s always real (see [14, 15]).

Ugsp :VU§+U12>’ (41)

A J

Fig. 2 — The potential energy U, , , of interaction between photons and a waveguide

+p
filled with a lossless plasma. L is here the plasma filled waveguide length.
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Notice that the waveguide potential energy U, and that of the plasma U, are
out of phase by a phase factor ¢* (Fig. 2).

Finally, the results concerning the photon propagation through a transparent,
non-dissipative dielectric medium can be summarized as follows:

— the photon energy remains unchanged by the passage from a medium of
refractive index n; in a medium with refractive index n, # ny;

—the photon movement through a medium with refractive index n is
governed by the variational principle of the relativistic analytical mechanics.

E=vwp-L, L—0, (42)

where FE is the photon energy, p is its impulse, v is its propagation velocity and L
is its Lagrange function. However, for the photon L — 0 at the same time with the

particle rest mass. Thus, the photon energy becomes E =vp = % p =ho (considering

the vectors v and p as having the same orientation), in agreement with formula

(37) which requires the introduction of a scalar potential energy, both Lorentz
invariant and imaginary.

6. THE SYMMETRY PROPERTIES
OF THE PHOTON WAVE FUNCTION

Let’s consider in continuation the symmetry properties of the photon wave
function in (plasma and dielectric) media. Thus, the wave function ¥ satisfies
simultaneously the equation (20) (of Schrodinger-type), the equation of
conservation of the probability and of the energy (26), and equation (38) of the
generalized D’ Alambert type (with the “potential” of the medium). The properties

which we shall refer to devolve from the quality of Q -vector (hexavector) of ¥

Generally, the Q -vectors represent an alternate modality of the foundation of
Maxwell-Lorentz electrodynamics, which is rather based on the Plucker-Cayley
hexa-vectorial geometry than on the Poincaré-Minkowski tetra-dimensional geo-
metry [6, 7].

The following advantages of this new thinking are emphasized here:

a) The formulation of electrodynamics in homogeneous fields (with €, 1 as
constants of material) [1] and

b) The formulation of the Schrodinger-type of the refractive index problems
(following an idea of Heisenberg [18].

A specific characteristic of Q -vectors is the similarity between an infinitely
slow rotation and an infinitely slow Lorentz translation [3]. In contrast to a finite
roto-translation, the wave function ¥ obeys the law
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\P'=(1+212)‘%(\?4z,x@)+[1—(l+zﬁ)‘ﬂ@, )
g

where ® marks a pure rotation and =

o=

. By separating

¥ =Re¥ +iIm¥ (44)
the transformation law (43) gives the invariants

(Re¥)? —(Im V)% =1, (Larmor),

- .. (45)
Re¥)-AIm¥)=1,.

The invariant /; has been used by Joseph Larmor for the Minkowski-invariant
formulation of the linear electrodynamics (Maxwell-Lorentz). The pseudo-invariant
1, is used in various schemes proposed for the non-linear electrodynamics. We can
conclude, therefore, that starting from the wave function ‘i’, we have a theoretical

basis to cover not only the Maxwell-Lorentz electrodynamics in vacuum and in
other homogeneous media

g = e (&EH‘@FI). (46)
J8n

but various relativistic variants of non-linear electrodynamics (Born, Infeld,
Schrodinger, etc) as well.

The spin concept implied in our theoretical approach contains two distinct
mathematical formulations.

a) an “electromagnetic spin” (see the matrix operators 17) and

b) a “quantum spin” (see the matrix operators 74). It is now opportune to
introduce the notations

:§ = Ail + Biz + Ci; (for the elctromagnetic spin), @7
S =Ai +Bi, +Cis (for the quantum spin),
The self-ortogonality conditions (66) lead to the spin algebra
BC—-CB=iA BC-CB=iA
CA-AC=iB CA-AC=iB 48)
AB-BA=iC AB-BA=iC

(electromagnetic spin)  (quantum spin).

The algebra is formally the same, irrespectively of the manner used for
inserting the concept. Further on, we may express the two spin algebras in a
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different (but equivalent way) by resorting exclusively to real matrices, denoted
with common (latin and greek) letters

A=ai, B=bi, C=ci,

A=a, B=pi, C=y. “49)

Now, a clear distinction between the two algebras is revealed, pointing out
their belong to distinct physical objects

bc—cb=a, By-yB=oa,
ca—ac=>b, Yo —ay =—, (50)
ab-ba=c, of—Pa=y.

While the left placed algebra still preserve the cyclic rule of composition, the
right placed algebra is qualitatively different (based rather on combinations than on
cyclic permutations). The conclusion is that the goings over from electrodynamic
spin to the quantum spin is not possible resorting exclusively to the g-vectorial
transformation. It is necessary to perform a “rotation”, but not in the real (x, y, 2)
space. The rotation should be in the complex three-dimensional space of the wave
functions, which is of the Hilbert type.

Starting from the general roto-translation transformation law (43), two
important particular transforms are revealed, namely

a) [3 =0, ®=#0 (purerotation movement) 51)
b) B #0, ®=0  (inertial Lorentz movement).
Explicitly, these transforms become
- - - - 1
g =n{\y+ax\y+i@xw)@}, n=(1+a) 2,
n+1
. (52)
B ibx - LGB r=a-p
Using the formal transform [5, b]
(®—ip, n—>y) or (B—)%CO, “/—”l)’ (53)

the pure rotation transform goes into a pure Lorentz translation (and conversely).
Using further the matrix notation instead of the vector (Cartesian) one, the wave
function becomes

i ¥ i ¥
Wy =A@, [Wh] =AB|¥,|. (54)
vl el el e
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where
112 5 2 2
n+n+lm1, —0)3n+n+1031032, w2n+n+1mlo)3
2 2 2
_ n n 2 _ n
Alw) = w3n+—n+lm1m2, n+n+1(o2, m1n+—n+1m2m3 , (55

2 2 2

_ n 2

m2n+n+1mlmg, m1n+n+1m2(o3, n+n+1m3

f(1-58 ) o -ibs - Loms | o8- Lo
N B ) N (RS ) N E ST ) D

e T N R S N v

The symmetry properties of matrices A(w) are

AN o) =A(@) =A(-0), Al@A®)=1. (57)

With their help we conclude that W*-W¥ and Y+SY from Eq. (26) reveal
the invariance properties required by the equation of conservation of the photon
localization probability, namely

VIV =W AA) |V, =YY, AAw)=1, (58)

YA A@SA) |[A@Y,, S =A@SAw). (59)

The results expressed by the equations (57-59) are valid in a reference frame
to be found in a pure rotation with respect to the propagation medium (transparent
dielectric or plasma).

The Lorentz transforms are compatible with Eq. (38) if the following two
conditions are fulfilled:

a) WPV is Larmor invariant of the electromagnetic field;

b) The wave equation has the form O; =0, where O; is a Lorentz invariant
operator. The determination of the form of O; on the basis of the hypothesis of the
field U, produced by the propagation medium, leads to some deviations in the
description of the quantum behavior of the photon in the considered medium. Such
a peculiarity is the fact that ¥ is an eigen - function of the energy and of S2, but
not of Ss.
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Coming back to the equation (38), it comes out that the requirement of
Lorentz invariant reduces to the condition

K =4 — dimensional invariant (60)
In its turn, this condition splits off in other two conditions, namely
o =0y n=4-dimensional scalar (61)

where , is the frequency in the rest frame with respect to the propagation
medium. But o, can be expressed by the frequency o in the moving frame with the

velocity v = CB and under the angle <):(B, p), thatis

_ (1- BZ)]/Z
0= ¥ Beosd (62)

Consequently, Eq. (38) in the Lorentz — invariant form becomes

(A—lﬁ)\}wa{%nz —1\% —V(I_BZ)}umO, (63)

1+BcosO

where ao=-1 or +1, as in Eq. (38). Finally, the relativistic expression of the
potential energy of the medium-photon system is the following

l1_R2
Upzhco(l—nz)% a-p)

1+Bcosb’
U, = iho(n? 12 YAZPD) (-p)
d 1+PBcosO’

n<l1, forplasma, (64)

n>1, for dielectric transparent medium. (65)

The photon propagation through material media (plasma or dielectric) implies
directly (by the equations 20, 26) or indirectly (by the equations 63, 64, 65) the
existence of the photon spin and of mathematical symmetries specific to spin

algebra. The most general definition of the matrix-operator of the spin S is [22]
SxS—iS =0,
- . . (66)

By introducing the expression of the operator S in the terms of the (A, B, C)
operators in the first equation (66) (expressing the auto — perpendicularity of the
spin) we get the condition

{(B-C—C-B—iA}jj+{C-A-A-C~iB}i, +{A-B-B-A—iC}i; =0, (67)

which should by identically satisfied. From here it results the matrix equations
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B-C-C-B-iA=0, C-A-A-C-iB=0, A-B-B-A-iC, (68)

where
000 001 0-0
A=|00 —if, B=000|, C=|i 0 Q. (69)
0i 0 i 00 000

Denoting by an accent the matrices transformed by rotation, that is
A =A®)AA(®w), B =A®BA®), C'=A0CA(o), (70)

A being the transposed matrix of the matrix A, it comes out the composition
conservation law of the algebra of spin 1, namely

B'-C'-C'-B'-iA'=0, C'-A'-A"-C'-iB'=0, A"-B'-B'-A'-iC'=0. (71)

The justification for the use of the matrices (69) for the photon spin (S = 1) is
emphasized by the invariance of the length of the “spin vector” by a spatial rotation
in Ej3, that is

S+ B +CY) =1 (A + B2 +C)=1. (72)
We point out that an expression of the propagation equation of the photon

through a material non-dissipative medium more general than equation (38) can yet
be obtained by the addition of a coupling between the scalar interaction field

(Eg, Hg) and the spin § [23], that is

2
_ 18 U mc 295 (7 m N\
(A 2 atzijra(th“ n j F— S (Es +ifls) F =0, (73)
E 1 1 1 oU -
ES :—(_VUP4 ———pj’
(mom—%) qs cqg Ot

F]S :;(LVUX 13], Da :15, & = the energy operator.
(m C+Q) as ¢
0 C

In contrast to ¥ of Eq. (38), F of Eq. (73) contains also a field
regularization, has a hermiticity transform ensuring the reality of the fields, and
eliminates the divergences. Here a=7F1 (as in equation 38), v is the photon
velocity in the medium, S is the spin vector matrix (in the representation in which
both §2 and S5 are simultaneously diagonalized matrices), ¥ is the column matrix
of the wave function (of Q-vector type), and U the Lorentz invariant scalar energy
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of interaction between the photon and the propagation medium. The expression of
the spin matrix vector S is [24]

1 i
0 — 0 0 —— O
V2 V2 100
c_| 1 1| | i i |z 7
S=——= 0 —=|i+|——= 0 ——|iL+|00 0 |i. 74)
\/5 \/51 \/5 \/52 00_13 (
1 i
0 — 0 0o L o
2 2

The demonstration of the Lorentz invariance of equation (73) can be made
with the help of the method of infinitely slow transforms [23b]. For this purpose,

let us denote by S the spin 1 operator defined by Eq. (17) and by S the spin 1
operator defined by Eq. (74). The difference between the two definitions resides in
the fact that S has “zero trace”, while S is built up so that S5 is diagonal with the

elements (+1, 0, —1). The connection between the two definitions is given by the
unitary transform [24]

S=08U-', U+=U0"', UU=I, (75)
where
S S 0
2 2
U= o o 1. (76)
I R
V2 2

Denoting by F the wave function in the representation in which S3 is
diagonal, we have
1 ,.
ﬁ(lqjy _LPX)
¥ , thatis F=UY. (77)

Z

Lz(iqu )

NG

Using the new functions, the equation (26) becomes an obvious quantum
expression where, by contrast to Eq. (72), the diagonalization of S3 is rather

\ﬁ
Il

Ngﬁ '\<§P\1 kgﬁ
Il

obtained by a rotation in the “spin space” than by a rotation in the real space Ej.
Further we have

%(]—'*]—') +V-vFrSF) =0, (78)
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so that the condition of null divergence V-¥ =0 from Eq. (15) now becomes

1 0o _ i o 5 1 0 _ i 0 |rp_
(Iax % jfl (+I6x1 Fad jf )
so that

iRe]: L

1 0
—— ——ImF% =0
\/Eaxl \/’82 7 mJ3

0 ImA+ a LyReF + ﬁa

——Re A +

T

1 0O 1 0 0 1 0 1 0
———=——ImFA ——=—"%ReF/; +—ImF +—=—ImF, ——=—Re F; =0.
J2 axt ! J2 6x2 T a3 ! J2 ox! 3 J2 axt 3
This condition should necessarily accompany Eq. (20) in the representation
with diagonal S5, that is

—?% =v(5-p)F. (80)

Under these conditions Eq. (73), which is Lorentz invariant and in agreement
with the experiments of Fizeau and Cerenkov [5b], can be considered not only
equivalent with the Helmholtz equation (12), but also equivalent with the limit for
mg— 0 of a particle of spin 1 embedded in a combined vectorial and scalar
interaction [23]. The spatial averaging of the scalar interaction becomes
macroscopically manifest by the index of refraction. If the spatial and the temporal
gradients of the refraction index are different from zero, then we must have a
coupling between the photon spin with the photon propagation direction through
the medium, even if the photon rest mass vanishes!

In the spirit of the present paper there were made several aplications in optics
[19-21], in electronics [16, 17, 25], and in nuclear physics [26].

CONCLUDING REMARKS

The purpose of this study was to describe in quantum terms, through a
specific continuous interaction between a single photon and a homogeneous,
infinite medium (fully ionized plasma or a transparent dielectric) the energy
balance photon — medium during the light travelling, leading to a certain wave
equation for the interacting photon. Although inertial mass and electrical charge are
vanishing physical parameters, to explain the interaction with the surrounding
matter it is necessary to assume a certain photon — medium interaction energy,
macroscopically materialized by the existence of the refractive index and of the
Helmholtz type equation as an adequate tool for controlling the traveling process.
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The nature of the interaction turns out to be of a scalar type, and the photon wave
equation appears as the limiting case, for vanishing rest mass, of a spin 1 particle
submitted to both scalar and vectorial fields.

The ireducible spinor concept is however circumvented, by resorting to the
Q-vectorial (be hexa-vectorial) approach due (independently) to C. G. Bollini
(1961), J. S. Dowker (1966) and Nicholas Ionesco-Pallas (1967) [23].
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APPENDIX
The passage from the electrodynamics (traceless) spin
to the quantum spin (with diagonalized S3)

By a rotation in the 6-dimensional Plucker & Cayley space it is possible to
achieve simultaneously two requirements, namely

— Invariance of the quantity W and preservation of spin 1 algebra

— Diagonalization of the component S (of the quantum spin)

We emphasize the fact that the “spin rotation” does not represent a rotation in
the current sense because it does not imply the time. Specifically, this is achieved
by a special transform (L. Foldy) by which a 4-vector ¥ is decomposed into a
scalar (corresponding to a particle of spin 0) and a spatial vector (corresponding to
a particle of spin 1), while the particle de spin O is eliminated [24, 27].

Actually we have to solve the matrix equation

SU=US, (A1)

where S is the electrodynamic spin given in (17) and S is the quantum spin given
in (74). Both these spins satisfy the same algebra

Sx8=iS, SxS=iS. (A2)
Denoting the transformation matrix between the two kinds of spin by
4 a4 as
U=|ay as ag (A3)
a7 ag dg
the equation (A1) offers 9 vectorial equalities that is 27 scalar equalities. The 9

elements of the matrix U can be expressed in terms of a single element which we
take conventionally by a;, so that finally we have
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a=a, a=-ia, a3=0,
a; =0  as=0 aqag= —\/Eal, (A4)
a; =—ay, ag=—ia;, dq=0.
The determination of the element a; can be achieved from the condition of
hermiticity and unitarity of U
UtU =2’ 1,

from where we get q =%(cosa+i sina). For o =7+ 8, & being an arbitrary

phase, we get the expression (76) of U multiplied by the arbitrary phase factor €.

Fig. 3 — The U matrix diagram, where Q is the null element.
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