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Abstract. We derived a stability criterion for the totally synchronized state of a periodic
network of coupled functional units. The functional units were nonlinear discrete dynamical systems.
We assumed exponentially decaying coupling strength to reduce the number of control parameters.
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1. INTRODUCTION
From the early days of neuroanatomical investigations [6], the nervous
system has been viewed as a network of interconnected nonlinear elements
(neurons). The synchronization is the main mechanism for neural information
processing [16, 20] and conceptual binding stimuli [8, 13]. On the other hand, the
synchronization is the key mechanism involved in dynamical diseases [2, 10, 19].
The word synchronization means “to share the common time” [3]. Understanding the
synchronization mechanism in large networks of coupled nonlinear functional units is
of paramount importance for the physiology of brain functioning in both normal
and pathological conditions. Conceptual approaches on neural synchronization use
both small network models to extrapolate the results to large networks [4, 5, 9, 11,
18], and direct experiments on relevant biological networks [1, 14].
We present a general approach on the study of the completely synchronized
state of a population of coupled functional units based on the circulant matrices
method [7, 12]. Our method applies to periodic structures of coupled nonlinear
functional units i.e. one-dimensional rings, two-dimensional torus, etc. We
assumed that the state, or activity, of an isolated functional unit (not coupled with
its neighbors) is controlled by at least one global parameter. The effect of the
coupling between the current (i-th) functional unit and its neighbors is to modulate
the global control parameter(s) of the current unit. If the coupling is homogeneous,
meaning that the coupling coefficients are independent of the functional units
position, then the stability of the synchronous solution reduces to the computation
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of the eigenvalues of an associated circulant matrix [7, 12]. The method which we
developed could also be applied to study partial synchronization, or clustering, in a
network of coupled functional units. We used the iterated logistic map introduced
by May [17] as a concrete example of nonlinear functional unit.
2. METHOD
We worked through all the mathematical details of the stability analysis for
the one-dimensional chain of N coupled functional units with periodic boundary
conditions (the ring network structure), and briefly outlined our approach for
higher dimensional lattice spaces. Let xi[n] be the value of the state variable, or
activity, associated with the i-th functional unit at the time step n. The general form
of the coupled lattice map we considered in this study is
xi[n + 1] = g(Xi[n])f(xi[n]),

(1)

where g() is the coupling function and determines how the state of the adjacent
sites influences the state of i-th functional unit through local couplings. Xi[n] is the
average, or mean field, activity sensed by the i-th functional unit when coupled
with its neighbors. f() describes the intrinsic dynamics of the isolated (no coupling,
or g() = 1) functional unit. We defined the mean value of the activity over the
neighborhood of size 2Ni centered at i-th site by

Xi [ n] =

Ni

∑

c j xi + j [n],

(2)

j =− N i ,
j≠0

where Ni is called the coupling range, and cj ∈ [0, 1] are the coupling weights that
measure the strength of the coupling between the i-th and the (i + j)-th functional
units. Without loosing the generality of the proposed approach, we assumed that
Ni

the coupling coefficients satisfy the normalization condition

∑

c j = 1.

j =− N i ,
j≠0

Let us assume that a state of complete synchronization between the functional
units exists, meaning that xi[n] = x[n] = x* for all i ∈ {1, …, N}. The completely
synchronized state is the fix point of the recursion (1) namely,
x* = g(X*)f(x*) = g(x*)f(x*), where X* = x* based on (2) and the normalization
condition. For small perturbations, δxi[n], from the synchronous solution x*, the
state of the i-th functional unit is xi[n] = x* + δxi[n]. By substituting the previous
solution into (1) and linearizing around the fully synchronized state x* we get the
equation of the perturbations:
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δxi[n + 1] = g′(X*)f(x*)δXi[n] + g(X*)f ′(x*)δxi[n] =

= g′(x*)f(x*)δXi[n] + g(x*)f ′(x*)δxi[n],
where prime denotes the first derivative with respect to the corresponding variable.
Based on (2), we get δXi [ n] =

Ni

∑

c j δxi + j [n], which reduces the above equation

j =− N i ,
j≠0

for the perturbations to:
δxi [n + 1] =

Ni

∑

α j δxi + j [n]

(3)

j =− N i ,
j≠0

with αj = g(x*)f ′(x*), and αj = c′j (x*)f (x*) for all j ∈ {–Ni, …, Ni} – {0}. If the
local coupling defined by the coefficients cj is homogeneous, meaning that cjs do
not depend on the specific lattice site, then the coefficients (α) of the perturbation
equation (3) form a circulant matrix defined, or generated, by the raw vector
C = (α0 α1 α2 … αNi 0 … 0 α–Ni α–Ni+1 …α–1).

The circulant matrix (α) in (3) is the square matrix whose lines were obtained by
cyclically shifting the elements of the above raw vector C [7, 12]. The characteristic
polynomial, q(t), of any circulant matrix is determined by the elements its
generating raw vector as follows
q( t ) = α 0 +

Ni

∑ αm

m =1

tm

+

Ni

∑

αm t N +m .

(4)

m =− N i

The eigenvalues of the circulant matrix (α) are given by q(ω), where ω is the N-th
root of the unity, meaning ω = exp(2πi/N), where i = −1. Therefore, the j-th
eigenvalue λ(j) = q(ωj) is

λ( j ) = α 0 +

Ni

∑ ( αm ω j⋅m + α −m ω− j⋅m ),

(5)

m =1

where we used the fact that ωN = 1.
3. RESULTS

The totally synchronized mode x* is linearly stable if all the eigenvalues
given by (5) are inside the unit circle, meaning that λ( j ) < 1 for all j ∈{1, … , N}.
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If the coupling between the functional units is symmetric (αj = α–j) then all the
eigenvalues (5) are real. By using the symmetric coupling and the previous
expressions for the coefficients α, we get

λ( j ) = α 0 + 2

Ni

∑ α m cos(2πjm / N ) =

m =1

= g( x*) f ′( x*) + 2 g′( x*) f ( x*)

(6)

Ni

∑ cm cos(2πjm / N )

m =1

The stability of the totally synchronize mode with asymmetric (symmetric)
coupling determined by the eigenvalues (5) depends on at least 2Ni (Ni) coupling
parameters αj. Besides the above mentioned control parameters, determined by the
strength of the local interactions between the adjacent functional units, there is at
least one more global parameter that controls the dynamics of the isolated
functional unit. To extract meaningful information about the stability of the
synchronized state we drastically reduced the number of the control parameters.
We studied a restricted but significant class of the local couplings described by
only one parameter: the exponentially scaled coupling defined by cj+1/cj = k ∈
∈ [0, 1]. By changing the value of k, the relative weight of the local coupling
changes from first order (nearest neighbors) for k = 0 to long range coupling over
the entire neighborhood of 2Ni + 1 adjacent sites for k = 1.
Based on the normalization condition, the symmetric coupling coefficients
−1

N
⎞
j −1 ⎛ i
are cj = c–j = k ⎜
k m −1 ⎟ , for all j ∈ {1, …, N}. By substituting the above
⎟
2 ⎜
⎝ m =1
⎠
coupling coefficients into (6) we get

∑

λ(j) = g(x*)f ′(x*) + g′(x*)f(x*)H(j),

(7)

where the harmonic factor, H(j), of the eigenvalue λ(j) depends only on the local
coupling and is given by
H ( j) =

Ni

∑

m =1

k m −1 cos(2 πjm /

−1

⎛ Ni
⎞
N )⎜
k m −1 ⎟ .
⎜
⎟
⎝ m =1
⎠

∑

(8)

The following properties of the harmonic factor H(j) proved useful in
establishing the upper and lower limits of the symmetric eigenvalues (7). First,
based on (8) and the fact that cos(2πm(N/2 – j)/N) = cos(2πm(N/2 + j)/N), it results
that λ(N/2 – j) = λ(N/2 + j). This symmetry of H(j) with respect to N/2 means that
we only need to evaluate half of the eigenvalues (for j ∈ {0, 1, …, N/2}) in order to
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determine the stability of the synchronous mode. Second, the upper bond of the
eigenvalues over all indices j is determined by the maximum value of the harmonic
factor H(j), which is max{H(j)}j = H(0) = 1. Indeed, without restricting the
generality of the solution, we may assume that the intrinsic dynamics of an isolated
functional unit is positively defined, f(x) ≥ 0 for all x, and that g′(x) ≥ 0, meaning
that the coupling function g(x) increases by increasing the local average activity x.
As a result, the coefficient g′(x*)f(x*) of H(j) in (7) is always positive, and the
maximum eigenvalue is max{λ(j)}j = g(x*)f ′(x*) + g′(x*)f(x*) max{H(j)}j =
= g(x*)f ′(x*) + g′(x*)f(x*) = λ(0). Third, it can be immediately checked that the
harmonic factor of the eigenvalues is always bounded H(j) ∈ [–1, 1].
Since the harmonic factor of the eigenvalues H(j) plays a significant role in
the stability of the synchronous mode, we also determined the lower bounds of
H(j). For large N, the ratio j/N could be considered a continuous variable and,
therefore, the extremum values of H(j) are determined by the zeroes of the first
derivative of the harmonic factor ∂H ( j ) ∂( j / N ) = 0. Based on (8), the values j*
that determine the extremum value(s) of H(j) are solution(s) of the equation
Ni

∑ mk m−1 sin(2πjm / N ) = 0.

(9)

m =1

For the first order, or nearest neighbors, coupling (Ni = 1) the extremum
condition (9) gives j1* = 0 (the extremum is the global maximum), and j2* = N/2
(the extremum is the global minimum). For the second order coupling (Ni = 2),
besides the above mentioned solutions of (9), we get j3* = N/(2π)arccos(–1/(4k)),
which exists only for k > 1/4 (Fig. 1A). The harmonic factor has the minimum
value H ( j3* ) = –(1 + 8k2)(8k(1 + k)) (Fig. 1B). For k ≤ 1/4, the minimum value of
the harmonic factor is H ( j2* ) = –(1 – k)/(1 + k) (Fig. 1B). For the third order coupling
(Ni = 3), besides j1* = 0 (global maximum) and j2* = N/2 (local minimum), the
additional solution of (9) is j4* = N/(2π)arccos((–1 + (9 k 2 − 2)) /(6k)) for all
k > 2 / 3 (Fig. 1A). In this case, for k ≤ 2 / 3, the minimum value of the
harmonic factor is H ( j2* = N/2) = –(k2 – k + 1)/(k2 + k + 1) (see Fig. 1B). Although
in principle it is possible to get analytic expressions for the minimum values of the
harmonic factor H(j) for every coupling order Ni and coupling strength k, we also
numerically determined the above values (Fig. 1). The index value j* determines
which eigenvalue λ(j) is the lowest bound over j ∈ {0, 1, 2, …, N/2} (Fig. 1A). The
maximum value of H(j*) (Fig. 1B) determines the stability domain of the
synchronized solution (see next section). Numerically (Fig. 1C), we found that the
maximum value of H(j*) is negative (within the limits of the numerical errors) and

654

Sorinel A. Oprisan, Ana Oprisan

6

Fig. 1 – Minimum values of the harmonic factor H(j) A. By increasing the coupling strength k the
minimum of the harmonic factor H(j) occurs at different values of j = j*. For the second order
coupling (Ni = 2) the bifurcation in the j* versus k space occurs for k = 1/4, for Ni = 3 the bifurcation
occurs at k = 2 / 3, etc. B. For coupling orders higher than two (Ni > 2) the function H(j*) is
discontinuous at the bifurcation point(s). C. The maximum value of H(j*) for successive values of the
coupling range Ni increases from –0.5 for Ni = 2 to zero for Ni > 7. D. The lowest bound for the
global control parameter p is determined by the smallest eigenvalue for each coupling order Ni.

monotonically increases from –0.5 for the second order interactions to zero for
long range interaction (large Ni).
Although the above derivation of the eigenvalues was done for the onedimensional periodic structure of coupled functional units, the method of the
circulant matrix could be easily extended to higher dimensional periodic structures.
For example, in a two-dimensional rectangular lattice, the vertices of the periodic
structure (torus) are identified by two indices i, j, which could be combined into
one k = i + Nx j where i ∈ {1, … , Nx} is the number of vertices along the x axis and j
∈ {1, …, Ny} is the number of vertices along the y axis. The stability results are
still valid, with the only difference that the circulant matrix has now NxNy × NxNy
elements for two-dimensional periodic networks instead of N for the onedimensional case. The generalization to higher dimensional spaces is
straightforward.
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As a concrete example, we used the circulant matrix method outlined in the
previous section to determine the parameter domain for the complete
synchronization of the functional units described by a logistic type equation. The
intrinsic dynamics of an isolated functional unit is given by f(x) = px(1 – x), where
p > 0 is the global control parameter. Following Lopez-Ruiz’s results [3, 15], we
assumed that the coupling modulates the global control parameter p of each
individual functional unit (neuron) by a linear coupling function g(x) = 3x + 1. The
steady solutions of (1) with the aforementioned logistic nonlinearity and coupling
function are: xθ* = 0 and x±* = (1 ± (4 − 3/ p) )/3. The silent state x−*1 = 0 of the
network is stable for all 0 < p < 1, regardless of the range Ni and the strength k of
the coupling between the functional units. The steady solution x+ > 0 emerges at

p = 3/4 and is stable for all p < (15 – 33) /8 ≈ 1.157. The steady solution x– is
unstable. According to previous studies [15], the network develops bistability for
some values of the global parameter p and switches between silent and active states.
Here we use our newly proposed analytical method to derive the stability
conditions for the steady synchronous state x+* and to study the influence of the
coupling range Ni and the coupling strength k on the stability of the synchronous
state. The maximum eigenvalue for the steady solution x+* is λ(j* = 0), which for
the logistic dynamics and the particular coupling function becomes λ(j* = 0) =
= 3 – 2p(4 + (4 − 3/ p) )/3. The largest eigenvalue lies inside the unit circle
max{λ( j )} j = λ(0) < 1) for all p ∈ (3/4, (15 –

33 )/8) and determines the

maximum possible range of the control parameter p that ensures the stability of the
synchronous solution x+* . However, the upper limit of p that ensures the stability of
the synchronous state is the solution of the equation min{λj}j = –1, which means
2 – (2 + (4 − 3/ p) p + min{H(j)}j(1 + (–2 + (4 − 3/ p) )p/3) = –1. The upper
boundary of p is a monotonically increasing function of min{H(j)}j = H(j*), which
means that for each coupling range Ni and coupling strength k we could use the
results regarding the maximum attained by min{H(j)}j established in the previous
section (Fig. 1C) to determine the upper boundaries of p (Fig. 1D). Our results are
in very good agreement with those obtained in [15].
5. CONCLUSIONS

To our knowledge, this is the only attempt to give an analytic criterion for the
stability of the completely synchronous mode in periodic networks of coupled
functional units based on circulant matrices.
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We explicitly computed the eigenvalues associated to the fully synchronized
state of a generic (one-dimensional) periodic network, and outlined the extension to
higher dimensional lattice spaces. We separated the contribution of the intrinsic
nonlinearity of the functional units on the stability of the fully synchronized state
from the contribution of the coupling, which we called harmonic factor. Useful
general properties of the harmonic factor for the eigenvalues computation were
also derived.
As a concrete example, we applied the circulant matrices analytical method to
determine the boundary of the stability domain of the totally synchronous state
developed in the periodic structure of coupled logistic functional units.
We found that by increasing the coupling range, the domain of the global
control parameter that ensured the stability of the fully synchronized state widened
(Fig. 1D).
The method outlined in this study could also be used for non periodic
structures. For such cases, the linear stability matrix has Toeplitz form. Our
preliminary results show that the bistability between active and silent state is still
present in nonperiodic networks. However, the domain of stability of the completely
synchronized open-ends network narrowed compared to the periodic network. Our
hypothesis is that open-ends network severely truncates the long range coupling
that proved to be essential for active mode stability in periodic network.
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